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A Additional numerical results

A.1 Variance parameter

We assess the impact of using the same w, across the sequences in our BHM model. We
generate two-dimensional data from model I (homogeneous errors) and model I (het-
eroscedastic errors). Under each model, the data are generated with the same (N3(0, 1))
and distinct (N3(0, X)) variance parameters across the sequences, where I is an identity
covariance matrix and ¥ = diag(0.8,1.2). We estimate the change point locations by as-
suming the two sequences share the same variance or use different variance parameters.
The results in Table A.1 show that the two strategies yield similar performances across all
scenarios. Hence, we suggest to use the same wy in practice which helps to reduce the com-
putational burden and numerical errors as well as facilitating the information borrowing
across the sequences.

Table A.1: Comparison results over 500 simulations when using the same or different vari-
ance parameters across the sequences with n = 2 under model I and model II, respectively.
Standard deviations are given in parentheses.

Data-generating Variance D —Po Segmentation Error

Model Parameter | < -3 -2 —1 0 1 2 >3|dK|K,)  d(KolK)

I, (&1k, &ok) ~ N2(0,1) | Same 0 0 18 477 5 0 0 |2.56(2.83) 2.59 (3.86)
Different 0 0 25 473 2 0 0 |2.56(2.83) 2.26(2.92)

I, (&1k, &ok) ~ N2(0,3) | Same 0 0 23 474 3 0 0 |262(291) 243 (3.42)
Different 0 0 25 472 3 0 0 |262(291) 236 (3.21)

I1, (&1x, Eox) ~ No(0,1y) | Same 0 0 3 341 135 21 0 |1.23(1.59) 6.32(7.83)
Different 0 0 3 345 137 14 0 |1.23(1.59) 6.27 (7.88)

I1, (&1g, &ok) ~ N2(0, %) | Same 0 0 19 419 2 0 0 |228(274) 2.03(2.82)
Different 0 0 19 453 28 0 0 |2.28(274) 2.73(4.07)




A.2 Parameter tuning in the priors of BHM
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Figure A.1: The maximum segmentation error versus « (left) and o (right) over 500 simu-
lations with sample size T' = 400, n = 2 under models I and II, respectively.
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Figure A.2: The maximum segmentation errors versus the corresponding parameters for

the inverse moment prior (left), moment prior (middle) and local prior (right) over 500
simulations with sample size T' = 400, n = 2 under model I.
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Figure A.3: The absolute difference |p — pg| (left) and the maximum segmentation error
(right) versus 7" over 500 simulations under three priors: the nonlocal inverse moment prior
m,,1 with 7 = 0.6, ¢ = ¢ = 2, nonlocal moment prior m, » with v = 1 and local prior 7, .
with ¢ = 2 under model I with n = 2.



A.3 Determination of outliers
In the real data application, we determine the existence of the outliers as follows,
(1) Select a candidate point set H(m;) for the dataset with the screening algorithm in

the BHM method.

(2) Divide the dataset into segments based on the candidate point set and in this case,
we can assume the data points in each segment has homogeneous distribution.

(3) Conduct the generalized extreme studentized deviate (ESD) test (Rosner, 1983) for

each segment.
(4) If more than 12% of the segments contain outliers, we adopt the t likelihood; otherwise

a normal likelihood is adopted.

In our experiments, this procedure works well as shown in Figure A.4.
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Figure A.4: The densities of proportions of segments containing outliers under model I
(normal error) and model IIT (t error). The black dotted line indicates 12%.

A.4 Autocorrelation in the wind turbine data

While we have shown robustness of the BHM method for the moving-average error (refer
to model V of Table 1), we also check the autocorrelation function (ACF) of the real data
and simulate the datasets with ACF similar to the real data. The ACFs of dataset 1 in the
wind turbine data are shown in Figure A.5. From the plots, it is clear that for the wind
turbine data, the first three sequences show significant autocorrelation while the other five

sequences are not significantly autocorrelated.
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Thus, we conduct the simulation studies with a mixed error model where the first
three sequences of the simulated dataset are with autoregressive (AR) errors while the
other five sequences follows model I in Section 5. Specifically, we adopt the AR(2) model,
e, &xr = 0.5 k-1 + 0.2 -2 + a with a ~ N(0,3/5). The ACFs of the simulated
dataset are shown in Figure A.6 which has similar patterns to Figure A.5. We use an
independent normal likelihood in the BHM method and repeat the simulation for 500
times and the results are presented in Table A.2. Based on the results, the BHM-FIX
and BHM-MPP methods still yield satisfactory results under the mixed error datasets.
However, the nonparameteric ECP method deteriorates dramatically compared with the
results in Table 1.

Table A.2: Comparison results over 500 simulations among BHM-FIX, BHM-MPP, ECP
and DPMLE when n = 8 under the mixed error model. Standard deviations are given in
parentheses.

Data-generating D — Do

_Segmentation Error
Model Method < -3

>3 \ (K[Ko) d(KC| )

—2 -1 0 1 2 d

Mixed errors | BHM-FIX | 0 0 0 48 14 0 0 |0.08(0.31)  0.54 (2.80
BHM-MPP| 0 0 0 48 16 0 0 |0.03(0.18)  0.52 (2.7
ECP 0 0 0 24 49 101 326 |0.22(0.53)  20.34 (6.59)
DPMLE 50 0 0 0 0 0 0 |59.79(15.64) 0.12 (1.23)
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Figure A.5: The autocorrelation functions of dataset 1 in the wind turbine data.
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Figure A.6: The autocorrelation functions of the simulated data.



B Dynamic programming
For [ =0,1,..., N, we define

H(j|l) = max U(K[Y (o,7751])-

KC{r0,71,0.075,Tj41 1| K|=1

The dynamic programming algorithm is given as Algorithm A.1.

Algorithm A.1 Dynamic programming

Input:
The upper bound of the number of change points M, dataset Y, candidate point set
H(m1>
1: Let A be an empty M x N matrix.
2: fori=0,...,N do
3: H(Z"O) A U(Y(To,nﬂ]? §= O)
4: end for
5. for[=1,...,M do
6: forv=1,...,N do
& Api = argmax; o {H (K[l = Du(Y (7m0, s = 1)}
8: H{(ill) <= max 1 <p<it {H (K|l = Du(Y 7y rps = 1)}
9: end for
10: end for
11: p 4 argmax,_o, H(N|I)
12: if p =0 then
13:  return g
14: else
15: S p
16: t+ N
17: E+ o
18:  while s # 0 do
19: E+ FEU{A;+1}
20: s¢—s5—1
21: b At
22: end while
23:  return K ={7,i € E}
24: end if
Output:

Estimated change point set K.




C Proofs

We denote K as the true change point set with pg change points, K as the estimated
change point set with p estimated change points. The m-neighbourhood of a time point
Y, is defined as {Y; : | € (kK — ms,k + m;)}. Given an interval Y4, we denote
P(ap)(0) = er(a,b] f(Y,|0) as the likelihood function, the corresponding log-likelihood

function is l(44(0) = logpwy(0). We also let é\(aM be the maximum likelihood esti-
mator (MLE) based on l(,(0), and 6, be the true parameters on (a,b]. We denote

R CRIIC) _ a2logf(y:|o . .

U(QM] = {—E(—gsat )|9:§(a’b]} Land let J(6y) = —E—é)%gé#‘ )}6:90 be the Fisher infor-
mation for one observation. We also define d as the dimension of 8. Finally, denote
C(Y (rmoin]) = /p(ns,ﬁs+1}(08>7r<38)d08-

We list the regularity conditions as follows.

(1) The prior for mean difference 7,(x) is continuous with bounded first and second
derivatives.

(2) For a segment between two true change points kg; and ko 41 (j = 1,...,po) with
parameters (/i1 j, ..., fn,;), there exists §; > 0 such that for any i € {1,...,n}, |w |
is either greater than d; or equal to 0. Further, there is i € {1,...,n} such that

\fi,5] > 0r.

(3) The generic prior 7(0) is continuous and positive at all ; (i = 0,...,pg), where 6; is
the true parameters for interval (ko;, Ko i+1]-

(4) The regularity conditions (A1)—(A5) and (B1)—(B4).

Regularity conditions (A1)—(A5) and (B1)—(B4) are listed as follows. All the conditions
are multivariate extensions from (Du et al., 2016).

(A1) © is a closed set, and © C R
(A2) The set of points {x : f(x|@) > 0} is independent of 8. We denote this set by X.

(A3) If 6,, 8, are two distinct points in ©, then the Lebesgue measure of u{x : f(x|6;) #
f(x]62)} > 0.

(A4) Let x € X, 0’ € ©. Then for all 8 such that ||@ — 6’| < §, where || -|| is the Ly norm,
with ¢ sufficiently small,

llogf(x]|0) —logf(x|0")] < Hs(x,0"),
where
. N
gl_r% Hs(x,0") =0,
and for any 6, € O,
lim/ Hs(x,0") f(x|6y)du = 0.
=0 J

9



(A5) If © is not bounded, then for any 6y € ©, and sufficiently large A,
lng(X|9) - 10gf(X|00) < KA(X7 00)7

whenever [|0] > A, where

A—00

lim /X Ka(x, 00) f(x]00)dp < 0.

(B1) logf(x|0) is twice differentiable with respect to @ in some neighborhood of 8.
(B2) Let

Olog fy Olo d
J(00) = {/X Jo 80g()f0%0ﬁ]du] )
i j

where fy denotes f(x]6y), Oo; is the ith element of 6y. Then J(6y) is positive definite.

1,7=1

(B3) For any 1 <i,j <d,

Ofo 2 fo
Ay — du = 0.
v 000" T [ 900,000, "

(B4) For § > 0, if ||@ — || < 9, where ¢ is small enough, then
‘ Plogf(x|0)  *logf(x|60)

00007 00007
where lims_,q [ M;(x, 00) f(x]00)du = 0.

‘ < Mg(X, 00),

Proof of Lemma 1:

We define j as an m -flat point if there is no change point in (j —my, j+my). Let F be
the set of all m/-flat points. So |F| =T — po(2m; — 1), where |F| denotes the cardinality
of set F. To prove Lemma 1, it is sufficient to show

Pr (min R; > max Rl> — 1,
keKo leF

as T — oo. Note that

Pr (min R;, > max Rl) > Pr (min R;, > br > max Rt> ,
keKo leF ke leF

where by is a positive sequence with respect to 7T'. It follows that

Pr (min R, > br > max Rl)
ke ler

= Pr{(Mrexo{Rr > br}) N (Mier{ R < br})}
1 — Pr {(Urexo {Bx < br}) U (Uier{ R > br})}
1 — {Pr (Urexo { B < br}) + Pr(Uier{ R > br})}

keko leF

v

v

10



We define

ST exp{—(Ya = Vi — w)*}m(p)dp

i exp{—(Ya — Yi5)%}

Jori=1,...,n,

Rij =

where Y;; = m; ! Z{:jfmlﬂ Yy. Clearly, R; =[]\, Rij-

For any change point k € Ky, assume n, sequences have mean shifts at this change
point. By regularity condition (2), we know n, > 1 and the absolute change of mean is
greater than d;.

Without loss of generality, assume the first n, sequences have mean changes. By Lemma
1 of Jiang, Yin, and Dominici (2018), we have

lim Pr{R;; > exp(Dm;)} =1, (1)

T—o0

when there is a mean shift in sequence ¢ at change point k, where D > 0 is a constant.
Then we set

bT = eXp(D(SImI/Q).

For any | € F, by Lemmas 2, 3, 4 of Jiang, Yin, and Dominici (2018), there exist ¢, C' > 0
such that

car < Ry < Car, (2)
SO
n
Ri =] Ru = Oplap),
i=1
where ar = mI_I/Q, mj_v_l/2 and exp(—mi/(sﬂ)) correspond to the local prior, moment

prior and inverse moment prior. Consequently, we have

Pr(R, > br) = O{a}exp(—Ddorm;/2)},
> Pr(R >br) = O{Tajexp(—Démyi/2)} = o(1), (3)

It eF

since my/(logT)*c — ¢ > 0.
Next, for k € Ky, by (1), we know for i = 1,...,n,, we have

lim Pr{R;; > exp(Dm0;)} = 1.

T—o0

As a result,

lim Pr {H R > exp(nxijél)} = 1. (4)

T—o0 !
=1

11



Consequently, we obtain

Pr(Ry, < br)

- (HRM H R]k<bT>

Jj=ngz+1

= Pr {f[ Ry H Rjk < bT, ﬁRzk > exp(nxD(SImI)}

i=1 j=ng+1 i=1

+ Pr {H Ri H Rji < by, HRZk < eXp(nxD(SIm])}

=1 Jj=ngz+1

< Pr {exp(nID(SImI) H R, < bT} + Pr {H R, < exp(nID(SIm[)} )

Combining with (4),

lim Pr(R; <br) < lim Pr {exp(nacDm]éI) H R, < bT} .

T—o0 T—o0 .
J=ne+1

For j =n, +1,...,n, by (2), 3e1,C; > 0 such that
aap " < H R, < Cyap ™,

J ng+1

and
N -1
Cilal" < ( H Rjk) <ctaETm

J=ngz+1

This implies

Pr {exp(nxijél) H Rjk S bT}

Jj=nz+1

n -1
= Pr ( H Rjk> zexp(nxDmI(S[)b;l

= ¢ apr " exp(—ng,Dmor)br,
where the second to the last inequality holds by the Markov inequality. Therefore

Pr (R, < br) = O{ap* " exp(—n,Dm;ér)br}.

12



Thus, we obtain

Z Pr (R < br) = O [poafr ™" exp{—(n, — 1/2)Dm;6;}] = o(1), (5)

keKo

since my/(logT)**¢ — ¢ > 0. Then using (3) and (5), we achieve:

Pr | min R, > max R;
keko leF

> Pr (min R, > by > max Rl>

keKo leF

= Pr {(mkeKo{Rk > bT}) N (ﬂle]-'{Rl < bT})}

> 1- {Z Pr({Ry <br})+ > Pr({R > bﬂ)}

keKo IeF
= 1—-o0(1).

Finally, we know

Pr (min R, > max Rl) — 1,
keko leF

as T — oo. O

Lemma 3. Under conditions (A1)-(A5) and (B1)-(B4), if there is no change point in
the interval (a,b], and the true value of parameter within this segment is @y, then as
(b—a) = 0,

1. Let No(6) = {0 : ||@ — O(ay|| < 0} be a neighborhood of Oy contained in ©, the
parameter space, there exists a positive number kg(a’b](é), depending on 6, and d,
such that

lim Pr

(b—a)—o0 g

0¢ No () b—a

{ Lia,)(0) — l(a)(Ba) < —kg (5)} =1
(a.b] ’

~

2. L) (0@p) = ) (0p) = Op(1).

Proof:
The proof of Lemma 3 is a direct multi-dimensional extension from Theorem 1 of Walker
(1969). [

The following result is Theorem 3.1 of Fraser and Mcdunnough (1984), and the reg-
ularity conditions (A1)—(Ab5) and (B1)—(B4) imply the three assumptions in Fraser and
Medunnough (1984).

Lemma 4. Suppose conditions (A1)-(A5) and (B1)-(B4) hold. Fori.i.d samples {Y1,..., Y7}

. 2] _ ~
from f(Y|6y), let 62 = {=E(“5g®)|, 537" and p(8) = [Ty con F(Y4l0) , where 6 is

13



the MLE of 6y. If w(@) > 0 for all @ € © and satisfies [w(0)p(0)d0 < oo and is
continuous and nonzero at the true 0y, then

det(6)w(0)p(6)
Jw(@)p(6)d6

Lemma 5. Assume conditions in Theorem 1 hold. Suppose that there are r change points
in (a,b), say {K1,..., K}, with ky < ... < K. Further assume (kj41—r;) — 00,0 =0,...,r
(let ko = a,kr11 =b) as (b—a) — oo. Then let Kk = min,—g__, (Kip1 — ki), Jca > 0 such
that

25 ()2,

C(Y(ayb})
C(Y(aﬁl]) c O(Y(m-,b])

0, {(b— a)"/? exp(—kca)} .

Proof:
The r change points separate the sequences into r + 1 segments. We first assume all
the r + 1 segments have different parameters denoted as 601, ...,0,.,1. Then we can find a

0 and define N;(0) = {6 : |0 — 6;]| < 6},i =1,...,r+ 1 such that N;(6) N N;(6) = @ for
1 # j. We write

r+1

ab] ZI

where

I :/ P (0)7(0)d8, for i—1,....r+1,
N,

no= Plas)(0)7(8)d6.
©—-UtIN,(3)

By Lemma 4, we have

~

C(Y(fw_hni}) = p(l‘@i—ly"ii}(é("ii—ly’ii])Tr(a("ii—ly’ii]>det(&(f‘ii—la’ii])OP(l)
# Dlesi1mi) (O 1)) T (s 1)) ACH(F (s, 1) 0p (1) (6)

where ¢ = 1,...,r + 1. Note that by definition of &(,_, x,1,

det<6_(ni,1,ni}) = Op{(/ii — "ii—l)_d/Z},
det(a-(mi_h,ﬂ}) % Op{(’fi _ K/i—1>7d/2}. (7>

14



By (6), for j # 0, we obtain

1
C(Y ) C(Yien)
fNj(é) 71'(0)])(,{0,,.;1](0) T 'p(HT7NT+1](0)d9
C(Yam])  C(Y(xpt1)
p(1) fN~ 7T<0)p(fiom]<6) e 'p(”r:"ir+1]<0)d0
c(m 1 @]) [T, w,l,m]<é<mfl,m]>7r<§(m*1,m]> det (6 (x,_, v,
va 6) p(ﬁom}(e) e 'p(ﬁr,mr+1}(0>d9

C(Y(HJ 1 H;]) Hz;éj (l‘%—l#ﬁi](01‘)71-(0("%’717'%]) det(é-(ﬁifly’fi])

- fN p(fio#ﬁ](e) e 'p(nr,nr+1](0>d0
C(Y(HJ 1 ’fj]) Hz#] (l‘%—l#‘ii](01')71-(0("%—1751‘])017{(’% - ’ii—l)_d/Q}
fN(a) “07”1](0) o 'p(ﬁru5r+1]<0)d0

= - : (8)
C(Y (5 1m57) TLigg Pl 1, (00)7(0:) Op{ (i — K1) =42}

where the third equality in the above equation is due to the second result of Lemma 3, the
fourth is by (7), and the last one is by the continuous mapping theorem.
Using the first result of Lemma 3, 3k(§) > 0 such that

IN

Iy,

2(6) W(e)p(no,m](e) o 'p(ﬁr,nrﬂ](o)de
C(Y(ﬁqu]) Hi;ﬁj Plsi1,0:)(6:)7(0:)

1 /
p Rj—1,KRj eXp{l K?z 1,K4 ) l Ri—1,Rq (02)}d0
C(Y(nj }) ( ] H ] ( ]

Nj(5) i#£j

Y—) Hexp{—( — R 1 }/ P(rj_1 nj] (O)dO

1 2y
————— | | exp{— (ki — Ki_1) Drj—1.r; 7(6)do
O(Y(/@,l Hj}) H { ( } ( ] )

i#£]
[T exp{(x: — ri1)k(5)} (9)

i#]

with probability tending to unit as (b — a) — co. Combining (8) and (9), we achieve

L.

J

C(Y(am)  C(Y(s,p)
= Oy |[[(ri = mie)? exp{=(rs — ri-1)k(8)}
i#]
= 0, {(b — a)”d/2 exp(—gk(é))} )

For Iy, we apply the same argument, but note that the region ® — U1 N;(8) does not

15



contain the neighborhood of any 6;, so

1y
C(Y@am))  C(Y(e1)

would have a faster convergence rate compared with
1
C(Y(am) - C(Yp)

Thus we achieve

C(Y(as) Yo I a
’ = = =0, {(b—a)¥?exp(—rk(5))}.
C(Y(ar))  CYpl)  C(Yam))  C(Y(xrt)) al ) (k)

If some segments share the same parameters, without loss of generality, we assume only
0, = 65 then N;(6) = N3(J). The argument is analogous when more than two segments
share the same parameters.

For j # 1 or 3, the argument is identical to the above. When j = 1 (and there is no I3,
since 0; = 03), following similar discussions for (8) and (9),

I
C(Y (o)) C(Y(xr9)
;) T(O)Ps.r) (0) Dy 1) (0)dO
C(Y (50,011 C (Y (12.5]) Hi;ﬂ,g Pls 1.5 (0:)T(0:) Op{ (ki — Ki—1) %2}

> f® pgzi;(](e)lj;'z;gg][((e)ﬂ(])e)de H exp{—(r; — Hi—l)k(fs)}Op{("% - /ii—l)d/z}'uO)
K0,/1 K2,K3 i£1,3

Using similar discussion for (15),

f@ p(ﬁoym](0>p(n2,ﬂ3](0)7r(0)d9 _ O { (/{3 - K?)(Kll - /{0) }d/2
O(Y(ﬁo,m])0<Y(f€27f€3]) (’i3 - ’{2) + (ﬁl - /{0) '

Combining (10) and (11), we achieve

I
C(Y(a,m]> T C<Y(Hr,b])

d/2
_ H:;l(’% — Ki-1)
- Op { (FL ) } Op

3 — K2) + (K1 — Ko

H exp{—(k; — /%1)k(5)}]

i#£1,3

= 0, {(b— )" exp(~5k(9))}

Then we obtain

=0, {(b — a)”l/2 exp(—ﬁk(é))} )

16



Lemma 6. Assume conditions in Theorem 1 hold, and Ky is a subset of H(my). Let K
be the estimated change point set determined by our algorithm. Suppose that there exists a
true change point ko; ¢ K. Let k; and K41 be the estimated change point which sandwich
Koj, and Ry < Koj—1 < ... < Koj < ... < Kojqr < Rip1, where [, > 0. Considering a new
estimated change point set

]6 = {"%17 SR l%iy Ko,j—15 -« -+ RO,j+r, ’%i—i-la s )"%ﬁ}a
then
Pr(K|Y)
— = 0,(1).
Pr(K|Y)
Proof: Let Ty = Rit1 — Ri, t1 = Koj—1 — Riy - - tigr42 = Rip1 — Koj+r. By the Stirling
formula, we have
Pr(K|Y)
Pr(K[Y)

To—1/ - I4r42 ptltrdl
Hjil (j - U) h—il+ tp! gy < s+1 ) C(Y(fiz‘ﬁiﬂ])
1! HZ}L—’—:T1+2 H;h:_11 (J - U) s=p+1 a+so C(Y(ﬁ”vz‘ﬁo,j—zl) T C(Y(Ho,jﬂ,f%“])

I4r42 1+o
— C(Y (ki ki) O Hj:l Z
C(Y(’%ia’fo,j—lp T C(Y(Ho,ﬂmfiiﬂ]) To

By Lemma 5, let K = min;—y__;.,121t;, there exists co > 0 such that

.....

C(Y(%i7%i+1}>
)+ C(Y

I+r d
o, = 0, {1 exp(—nes) |

Risk0,5—1) “0,j+r7fii+1})

Thus we obtain

ﬁo,j—l]) e C<Y(

Ho,j+r,fii+1])

I+r+2 l4o
Hj:l tj C(Y(f%,fﬂﬂ])
Ty C(Y(f%,
I+7r+2

140
TR
— 0 <H]_1 J) 0, {To(l—&-r—l-l)d/Z exp(—ﬁcz)}
0, {Tél+r+1)(d/2+1+a) exp(—@@)} ' (12)

By definition of H(my),



for some ¢ > 0 and € > 0 when 7' is large enough. Clearly, T" > Ty. Thus as T — o0,

TO(Z+T+1)(d/2+1+O') eXp(—ECQ)

TUATHDE/24140) oy, [—{log(T)}HeccQ}
exp [log(T)eo — {log(T)} ™ ecs)

= exp (log(T)[eo — {log(T)} ccs]) — 0 (13)
where ¢g = ([ +r+1)(d/2+ 1+ o). With (12) and (13), we achieve
w = 0,(1).
Pr(K[Y)
[

Lemma 7. Assume the conditions in Theorem 1 hold, and Ky is a subset of H(my). Let K
be the estimated change point set determined by our algorithm. Suppose that there exists an
estimated change point k;, such that no true change point is within its my-neighbourhood,
i.e., koj & (ki —myp, ki +myp) for all j. Considering a newly estimated change point set

={R1,...,Ri_1, Rit1s- -, Rp ),
then
Pr(KlY
i~
Proof: By the Stirling formula, we have
Pr(K|Y)
Pr(K[Y)
ot (p+ D)o O iy a) O(Y (i)
p+2 C(Y(f%—lﬁiﬂ])

Ri Ri—1 A A Ri—FRj 1
Hj:ll (J = o)/ (Ris1 — &) 1—[1
[ 7 G = 0) /(R — Rima)!
-+ (]5 + 1)0 C( (’%ifl,’%i]>0<Y(Ri7’%i+l})
]5 +2 C(Y(’%i—lﬂ%wrl])
F(I%Z — "%z‘—l — O')P(I%i+1 — fA{,Z — O')(/A{H_l — /%7;_1)!
X - - - - - ”
P(l — O')F(I{H_l — Rj—1 — U)(l{i — lii_l)!(lii+1 — liz)‘
A A 1+o
_ O{ (Rit1 — Ri-1) } T CY i) O (Y (i)
('%H»l - /%z)</%z - /%ifl) C(Y(;%i_l,f%i+1])
By Lemma 6, every true change point k; is in K. Thus, there is no true change point
between &;_; and ~;11. Then using Lemma 4, we obtain

C Y(’%i—lyﬁi]) = p(’%ﬂﬂ%](e(ﬂz 1 KJ)W(H(M 1,R4] )det(&(kifl,l%i])Op(l)v

(
O(Y(f%fﬂﬂ]) = D(&,Riq1] (O(M m+1]) (0 (i, I*”vz+1 ) det(&(f%,fﬂﬂ])op(l)v
C(Y(RFM%H]) = p(’%ﬂﬁwﬂ(e (Ri—1,Rit1] ) ( (Ri— 1,fﬂ+1]) det(&(l%z‘fhl%iﬂ])Op(l)'

(14)
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It follows that
C(Y(’%i—l i) )C<Y(fii7f%+ﬂ )
C(Y('%Fl,f%iJrl])

~

p(ki—l,"%i}(e(:‘%i—lﬁi]) det<a—(ﬁi—1,fii}) % p("%iﬁi+1](0(:‘%i7ki+ﬂ) det(a-(l%i,l%i+1])

— ~

p(l%i—1,l%i+1](9(l%i—1,l%i+1]) Tr(e(f%i—la’%i+l})

" 7'('(0(,%2-,1,?1-] )W(e(f%i,%iH}) 0,(1).
det(O'(,gi_l,szl])

As (/9\(,%1._1’,%4 LY 0., 5(,%2,,,%#1] LA 0, and é\(,%i_h,gm] Lt 0, where 0, is the true parameter, and
7(@) is continuous, by the continuous mapping theorem, we know
O(Y("%i—lﬂ%i])O(Y(’%h’%zﬁrl])
C(Y(Ri—l,f%i+1])
_ Plinail (O i) deb(0Gai20) P(m,ml](a(ki,ml])det(ﬁ(m,km])op(l)

~

P(ii1,kiga] (e(kiflv’%iqtﬂ) det(&('ﬁ&ﬁiﬂ])

Further,
C<Y(f€z‘717f€i])O(Y(Riﬁiﬂ])
C(Y('Aﬂiflykiqtl])
o p(f%i—l,f%i](e(f%—lﬂ%d) det(a-(f%i—lyl‘%i]) % p(%iﬁi+1](0(%iﬁi+1]> det(a’(f%,fﬁiﬁ-ﬂ)O (1>
p

p(f%z'—lﬁi-u}(é(f%i—l,fii-;-ﬂ) det(a-(’%i—l”%iﬂ])
_ p(’%i—la’%i](0(’%i717ki})p(’%i7ﬁi+l](0(’%1'7’%1'4»1])O { Ki+1 — Ri—1 } / (15>
p(’%iflvf%iJrl](0(’%717’%1’4&]) (Ri"'l B Hi)(’ii B "ii_l)

Note that by the second result of Lemma 3,

~ ~

D(ri—1,ki] (9('%71 il )p(ﬁwﬁiﬂ] (e(kiﬁz‘H})
p(ﬁ;i,l,f{iﬂ]( (I%i*h'%i“rl])
D(i iti] (é(f%ﬁwrl] )p(f%i—hfw] (é(f%—lﬁi} )p('%i—hf%z‘} (6o)
Do) (00)P (i1 i) (O 1 i) Pl 1 i) (60)
= 0p(1). (16)

s

-1

-1

Thus, combining (14), (15) and (16), we obtain

PrKlY) _ { (Fis — i) } COY 1) C Y (o)
(Riv1 — Re)(Ri — Ri1) C(Y (i1 i)

_ 0 { (Ris1 — Ri1) }”” o { Riv1 — Riot }d/2
(/%i—&—l - /%z)("%z - "%z‘—l) b ("%i—f—l - /%z)(’%z - ’%i—l)

0 { /%i_t,_l N /%i—l }d/2+1+0'
P (Rivr — Ri) (s — Rica)
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Note that ("%i—I—l — /%Z) + (/%Z — /%i—l) = (/%i—&-l — I%i—l)a thus either ("%i—&-l — l%i—l)/(/%i—i—l — I%l) or
(Riv1 — Ri—1)/(Ri — Ri—1) will go to a constant ¢ > 0 as T' — oco. Therefore,
Riy1 — Ri—1
(Rit1 — Ri)(Ri — Ric1)

— 0,

since both (&; — £;_1) and (k;41 — A;) go to infinity as T' — oo. It follows that

Pr(K[Y) _ 0 { Rit1 — Rio1 }MHM
Pr(K|Y) (Rit1 — Ri)(Ri — Ri—1)

= 0,(1).

O

Proof of Theorem 1: R
By Lemma 6, we know all the true change points will fall into K with probability one as
T — oo. Lemme 7 implies that all the estimated change points out of m;-neighbourhood
of true change points can be removed in probability as 7' — co. By the definition of set
H(myp), for any two points 7; and 7; with 7, < 7; in H(m;), (7; —7;) > m;. We obtain K by
optimizing over H(m;). Thus for any true change point, there is one and only one point in
K within its m -neighbourhood, i.e., the true change point itself. Therefore, with T" — oo,

b2 po and sup inf |[a — b = O, (1).
beky aell
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