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Abstract

We study the problem of matrix completion when the missingness of the matrix entries is
dependent on the unobserved response values themselves and hence the missingness itself is
informative. Furthermore, we allow to take into account the covariate information to estab-
lish its relation with the response and hence enable prediction. We devise a novel procedure
to simultaneously complete the partially observed matrix and assess the covariate effect.
Allowing the matrix dimensions as well as the number of covariates to grow ultra-high,
under the classic low-rank matrix and sparse covariate effect assumptions, we rigorously
establish the statistical guarantee of our procedure and the algorithmic convergence. The
method is demonstrated via simulation studies and is used to analyze a Yelp data set and
a MovieLens data set.

keywords: matrix completion, informative missing, low rank, sparse, tensor

1. Motivation and Introduction

Matrix completion has become a popular research topic in both statistics and computer
science, mainly driven by the commercial need from online providers. Consider a concrete
example from Yelp, where the scores from a total of n customers evaluating m restaurants
are of interest. Let Yij be an indicator denoting whether the evaluation of the ith subject
regarding the jth restaurant is positive, where i = 1, . . . , n, j = 1, . . . ,m. Let Y be the
collection of Yij ’s, i.e. Y is a n × m matrix. Obviously, not everyone will evaluate every
restaurant, so many elements in Y are missing. Let Rij denote the corresponding miss-
ingness index and let R be the corresponding matrix formed by the collection of Rij ’s. It
is sensible to suspect that the very fact of missingness is related to the potential evalua-
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tion score itself—in fact, some individuals may dislike some restaurants so much that they
refuse to visit them hence will naturally not evaluate them. Thus, if they had visited and
evaluated, the feedback would be likely negative. This naturally leads to the nonignorable
missing mechanism, where Yij and Rij are dependent on each other. To recover the miss-
ing entries enables us to predict the missing evaluating scores, but is challenging because
it is impossible to infer the distribution of Yij based on the biased sample formed by the
observed entries. The issue can be resolved when there exist additional baseline covariates
for each observation, while these covariates are independent of Rij given Yij . When such
covariate information is available, we aim to predict the missing entries of Y based on the
relation between Yij and the covariates.

Luckily, in the Yelp data, a large number of covariates have been collected, which include
but are not limited to the covariates of a restaurant such as size, price, open hours, and traits
of a customer such as the number of his/her friends and the number of his/her restaurant
reviews. These covariates are fully observed, which makes the parameter estimation feasible
even though Yij and Rij are correlated. On the other hand, the covariates are of the ultra-
high dimension, which brings difficulties in parameter estimation. To take into account both
the high dimensional covariates and the nonignorable missingness nature of such data, we
impose the familiar sparsity and low-rank constraints on the relation between Yij and the
covariate vector Xij . Furthermore, in practice, the missing-data mechanism is often not well
understood. Thus, we consider statistical methods that do not require specification of the
mechanism. This leads us to the matrix completion problem with ultra-high dimensional
covariate and nonignorable missingness.

In the remaining text, we describe our statistical procedure in Section 2 and establish
the finite sample statistical properties in Section 3. We consider the computational issue
both algorithmically and theoretically in Section 4. Simulated examples are demonstrated
in Section 5 and we analyze both a Yelp data set and a MovieLens data set in Section 6.
We conclude the paper in Section 8, and relegate the proof details to an Appendix.

2. Methodology

We now present the probability model used to construct likelihood for the parameter estima-
tion. LetXij be a p-dimensional covariate vector. Furthermore let the kth element ofXij be
Xijk and let X be the n×m×p tensor whose (i, j, k)th element is Xijk. Let Y be the n×m
matrix whose (i, j)th element is Yij . We work in a very flexible model class, the generalized
linear model, where the conditional density of Yij given Xij is f(Yij ,Θ0ij + βT

0 Xij), where
β0 is the true effect from Xij on Yij , Θ0ij is the (i, j)th element of Θ0. Here Θ0 is the true
intercept matrix which is a low rank n×m matrix with rank r. Because it is expected that
only a small number of covariates may affect the outcome, we assume the widely adopted
sparsity assumption on β0, and assume the sparseness of β0 is s, i.e. ∥β0∥0 = s. When
we focus on the estimation of the parameter β0, we also assume

∑
k β0kX

k to be sparse to
ensure identifiability, where Xk is a n×m matrix whose (i, j)th element is Xijk. Of course,
when we only aim at prediction, then we do not make this assumption. Here despite of the
sparsity and the low-rank assumptions, we do not restrict s, r to be finite. In other words,
we allow s, r to grow with the sample size, although at a slower rate than p and n,m. For
notational simplicity, we denote d =

√
mn.
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Under the informative missing setting, Yij and Rij are dependent. This implies that the
expectation of the logarithm of the observed data likelihood

∑n
i=1

∑m
j=1Rij logf(Yij ,Θij +

βTXij) is no longer maximized at the true values β0,Θ0, because E{Rij logf(Yij ,Θij +
βTXij)} does not equal to E(Rij |Xij)E{logf(Yij ,Θij + βTXij)}, which would have been
the case for the noninformative missing. Hence when estimating Θij and β, the information
in Rij cannot be ignored, and the loss function constructed from this likelihood cannot be
used to estimate the parameters. On the other hand, because Xij is fully observed, under
the assumption that Xij is independent of Rij when Yij is given, even though Yij may not
be available, we still can use the conditional distribution of pr(Xij |Yij ,Θ0,β0) to construct
a pseudo-likelihood. In fact, the conditional independence between Xij and Rij given Yij is
not essential and can be relaxed. As long as part of the covariates in Xij are independent
of Rij given Yij and the remaining part in Xij , we can still construct a pseudo-likelihood.
The essential benefit of considering a pseudo-likelihood is in eliminating the sampling bias.
Intuitively, the observed portion of the data, i.e. the complete data, form a biased sample
of the hypothetical full data, caused by the sampling bias in Yij ’s. Through conditioning on
Yij ’s, the problem on the surface becomes to study the dependence of Xij given Yij , which
does not relate to how Yij is sampled any more since the sampling of Yij now becomes a
design issue hence could be done in any way we like. To help better understanding this
issue, consider a standard regression problem where the response variable is named X and
the covariates named Y . In estimating the parameter involved in the model of X | Y , we
can construct various estimators based on the pairs of data (Y,X)’s without worrying how
the covariates Y ’s are sampled. In fact, even if the covariates Y ’s are collected by design,
say we only collected the covariates on a grid in a fixed region, it does not prevent us from
obtaining a valid estimator based on the collected data. Here, in our context, we can view
the non-missing Yij ’s as the collected covariates, and the complete data (Yij ,Xij)’s as the
observations in a standard regression problem to help grasp the intuition behind the pseudo
likelihood method. We name this view point a covariate-dependent design scheme.

Specifically, starting from the conditional distribution of Xij given Yij , the average of
the logarithm of the pseudo-likelihood, i.e. the conditional likelihood of the complete data,
is written as

(mn)−1log

 n∏
i=1

m∏
j=1

{pr(Xij |Yij ,Θ0,β0)}Rij

 ∝ −(mn)−1
n∑

i=1

m∑
j=1

Lij(Θ0,β0),

where Lij(Θ,β) = Rijℓij(Θ,β),

ℓij(Θ,β) = −
[
log{f(Yij ,Θij + βTXij)} − log

{∫
f(Yij ,Θij + βTX)g(X)dX

}]
,

and g(·) is the joint Radon-Nikodym probability density function of Xij , i.e., the Radon-
Nikodym derivative of the probability distribution of interest with respect to the dominating
measure. We require that g(·) is not a Dirac function. The dominating measure for the
continuous component in Xij is the Lebesgue measure. The dominating measure for the
discrete component in Xij is the counting measure, and therefore the integration with
respect to the discrete component is the sum over its domain. Clearly, because Pr(Rij =
1|Yij ,Xij) = Pr(Rij = 1|Yij), E{Rijℓij(Θ,β)|Yij} = E(Rij |Yij)E{ℓij(Θ,β)|Yij}. Therefore
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the minimizer of E{ℓij(Θ,β) | Yij} is the minimizer of E{Lij(Θ,β) | Yij}. Furthermore,
Pr(Rij = 1|Yij) and the marginal distribution of Yij do not contain information regarding
the unknown parameters. Therefore taking expectation with respect to Yij , we minimize
E{ℓij(Θ,β)} through minimizing E{Lij(Θ,β)}.

Now, let L(Θ,β) ≡ (mn)−1
∑n

i=1

∑m
j=1 Lij(Θ,β) be the negative pseudo-likelihood.

Conditional on the observed Yij ’s, the observed covariates form a conditional random sample
even when the response missingness depends on the response value Yij itself. Furthermore,
the expected logarithm of the pseudo-likelihood, i.e. E{Lij(Θ,β)}, is maximized at Θ0

and β0. This can be verified in two ways. The first way continues from the covariate design
point of view. Because the pseudo-likelihood is the same as the conditional likelihood of
Xij | Yij restricted to the complete data, while the complete data are obtained from a
covariate-dependent (i.e. Y dependent) design scheme, hence the maximizer is the true
regression parameters Θ0 and β0 at infinite samples. The second way is through detailed
mathematical computation. We can verify that the derivative of the log pseudo-likelihood
has expectation zero atΘ0 and β0. Further, we can also verify that the log pseudo-likelihood
is a convex function, so it is indeed maximized at Θ0 and β0 at infinite samples. Hence,
following standard M-estimation theory (Van Der Vaart and Wellner, 2000), maximizing the
pseudo-likelihood will indeed lead to a valid statistical estimation procedure. Note that the
function we maximize is not the same as the log-likelihood of the observed data, regardless
we write the likelihood in terms of Xij | Yij or Yij | Xij , but is the conditional likelihood of
the complete data, hence it is named pseudo-likelihood.

When the dimensions of Θ and β are ultra-high, the value of the regression function
can diverge to infinity if the entries of Θ and β are not bounded. This is unreasonable
when the response has finite mean. To control the magnitude of the regression function,
we assume that Θ0 and β0 have finite entries, and search the estimators in the feasible sets
that ∥Θ∥max ≤ a and ∥β∥∞ ≤ a for a constant a > 0. Combining with the low-rank and
sparse structures of Θ and β respectively, we propose to estimate Θ0,β0, through

(Θ̂, β̂) = argmin
∥Θ∥max≤a,∥β∥∞≤a

L(Θ,β) + λΘ∥Θ∥∗ + λβ∥β∥1. (1)

Here, ∥Θ∥∗ is the nuclear norm of the matrixΘ, which drives the resulting estimator towards
a low-rank matrix. Furthermore, ∥β∥1 is the L1 norm of β, which induces the sparseness
of the estimated β. In general, for any matrix A, we use ∥A∥F , ∥A∥op, ∥A∥∗, ∥A∥1, ∥A∥∞
and ∥A∥max to denote the Frobenius norm, spectral norm, nuclear norm, matrix 1-norm,
matrix sup-norm and the element-wise maximal norm of the matrix A, respectively. We
also use ∥a∥2, ∥a∥∞, ∥a∥1 to denote the L2, L∞ and L1 norm of the vector a, respectively.
We use boldface letters to denote vectors or matrices throughout the text.

3. Statistical Properties

3.1 Additional Notation

We introduce some additional notations to facilitate the presentation of the theoretic prop-
erties. Some of their explicit forms are derived in Appendix A. Let f2 and f22 be the
first and second derivative of f with respect to the second argument, respectively. Let
S(Yij ,Xij |Θ,β) be the derivative of −log{f(Yij ,Θij + βTXij)} with respect to M =
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Notation Definition

f2 The first derivative of f with respect to the second argument.
f22 The second derivative of f with respect to the second argument.
zij An n×m matrix with its (i, j)th entry 1 and all other entries 0.
dH2 Upper bound of |H2(y,x|Θ,β)|.
dS2 Upper bound of |S2(y,x|Θ,β)|.
a Upper bound of ∥β∥∞ and ∥Θ∥max.
c0 Upper bound of ∥Xij∥1.
Xk n×m matrix whose (i, j)th element is Xijk.
σ1F 32c20a

2(dH2 + d2S2
).

σdF 32a2(dH2 + d2S2
).

Wijk(Θ,β) eTk ∂
2ℓij(Θ,β)/∂β∂⟨Θ, zij⟩.

dW Upper bound of supk ∥vec{R ◦Wk(Θ,β0)}∥1.
dEX Upper bound of supk |

∑n
i=1

∑m
j=1RijE{S2(Yij ,X|Θ0,β0)Xk|Yij}|.

Eij , Eijk −Rij∂ℓij(Θ,β)/∂β, eTkEij .

SΘ(Yij ,Xij |Θ,β) Partial derivatives of −log{f(Yij ,Θij + βTXij)} with respect to Θ .

Sβ(Yij ,Xij |Θ,β) Partial derivatives of −log{f(Yij ,Θij + βTXij)} with respect to β.
S(Yij ,Xij |Θ,β) [vec{SΘ(Yij ,Xij |Θ,β)}T,Sβ(Yij ,Xij |Θ,β)T]T.

S2(Yij ,Xij |Θ,β) The first derivative of −logf(Yij ,Θij + βTXij) with respect to Θij + βTXij .

H2(Yij ,Xij |Θ,β) The second derivative of −logf(Yij ,Θij + βTXij) with respect to Θij + βTXij .

H(Yij ,Xij |Θ,β) The Hessian matrix of −log{f(Yij ,Θij + βTXij)} with respect to {vec(Θ)T,βT}T.
HΘ(YijXij |Θ,β) The second derivatives of −logf(Yij ,Θij + βTX) with respect to vec(Θ).

Hβ(Yij ,Xij |Θ,β) The second derivatives of −logf(Yij ,Θij + βTX) with respect to vec(β).

Fβ(X,Y|Θ,β) ∂2L(Θ,β)/∂β∂βT.
FΘ(X,Y|Θ,β) ∂2L(Θ,β)/∂vec(Θ)∂vec(Θ)T.

E{Fβ(X,Y|Θ̂,β∗)} E{Fβ(X,Y|Θ,β)}|
Θ=Θ̂,β=β∗ .

E{FΘ(X,Y|Θ∗, β̂)} E{FΘ(X,Y|Θ,β)}|
Θ=Θ∗,β=β̂

.

Table 1: Notation.

{vec(Θ)T,βT}T. Obviously S(Yij ,Xij |Θ,β) is the score function. We further decompose
the score function as S(Yij ,Xij |Θ,β) = [vec{SΘ(Yij ,Xij |Θ,β)}T,Sβ(Yij ,Xij |Θ,β)T]T,
where SΘ(Yij ,Xij |Θ,β) and Sβ(Yij ,Xij |Θ,β) are the partial derivatives of−log{f(Yij ,Θij+
βTXij)} with respect to Θ and β respectively. Let SΘ,k,l(Yij ,Xij |Θ,β), Sβ,k(Yij ,Xij |Θ,β)
be the (k, l)th element and kth element of SΘ(Yij ,Xij |Θ,β) and Sβ(Yij ,Xij |Θ,β), respec-
tively.

Further let S2(Yij ,Xij |Θ,β), H2(Yij ,Xij |Θ,β) be the first and second derivative of
the negative log-likelihood −logf(Yij ,Θij + βTXij) with respect to Θij + βTXij and
let H(Yij ,Xij |Θ,β) be the Hessian matrix of −log{f(Yij ,Θij + βTXij)} with respect to
{vec(Θ)T,βT}T. Let HΘ(YijXij |Θ,β) and Hβ(Yij ,Xij |Θ,β) be the diagonal blocks of
H(Yij ,Xij |Θ,β), i.e. they are the second derivatives of −logf(Yij ,Θij+βTX) with respect
to vec(Θ) and β respectively.

Let zij be an n × m matrix with its (i, j)th entry 1 and all other entries 0. Note
that we can extract the (i, j)th entry of Θ using zij and Θ. To simplify the notation,
we define Wijk(Θ,β) ≡ eTk ∂

2ℓij(Θ,β)/∂β∂⟨Θ, zij⟩. Then eTk ∂
2Lij(Θ,β)/∂β∂⟨Θ, zij⟩ =

RijWijk(Θ,β). Let Wk(Θ,β) be the n×m matrix with its (i, j)th element Wijk(Θ,β). Let
Eij ≡ −Rij∂ℓij(Θ,β)/∂β and Eijk = eTkEij . We also write Xk as the n×m matrix whose
(i, j)th element is Xijk, i.e. Xk is the kth slice of the tensor X. Define Fβ(X,Y|Θ,β) =
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∂2L(Θ,β)/∂β∂βT, and FΘ(X,Y|Θ,β) = ∂2L(Θ,β)/∂vec(Θ)∂vec(Θ)T. Specifically,

Fβ(X,Y|Θ,β)

= (mn)−1

(
n∑

i=1

m∑
j=1

Rij [H2(Yij ,Xij |Θ,β)XijX
T
ij − E{H2(Yij ,Xij |Θ,β)XijX

T
ij |Yij}

+E{S2
2(Yij ,Xij |Θ,β)XijX

T
ij |Yij} − E{S2(Yij ,Xij |Θ,β)Xij |Yij}⊗2]

)
,

and

FΘ(X,Y|Θ,β)

= (mn)−1

(
n∑

i=1

m∑
j=1

Rij [H2(Yij ,Xij |Θ,β)vec(zij)vec(zij)
T

−E{H2(Yij ,Xij |Θ,β)vec(zij)vec(zij)
T|Yij}

+E{S2
2(Yij ,Xij |Θ,β)vec(zij)vec(zij)

T|Yij}

−E{S2(Yij ,Xij |Θ,β)vec(zij)|Yij}⊗2]

)
,

where all the expectations are with respect to the true distribution of Xij given Yij .

We use β∗ to denote a point on the line between β̂ and β0 and Θ∗ to denote a point
between Θ̂ and Θ0, respectively. We summarize the notations in Table 1.

3.2 Conditions

To obtain the statistical convergence properties of our estimator, we assume the following
regularity conditions.

(C1) ∥Θ0∥max ≤ a, ∥β0∥∞ ≤ a for a constant a > 0.

(C2) The matrix
∑p

k=1 β0kX
k is sparse and the matrix Θ has low rank. Specifically,

infρ>0 ω1(ρ)ω2(ρ) < 1. Here,

ω1(ρ) ≡ max

{
ρ∥sign

(
p∑

k=1

β0kX
k

)
∥1→1, ρ

−1∥sign

(
p∑

k=1

β0kX
k

)
∥∞→∞

}
,

ω2(ρ) ≡ ρ−1∥UUT∥max + ρ∥VVT∥max + ∥U∥2→∞∥V∥2→∞,

where for any n×m matrix M,

∥M∥p→q ≡ max (∥Mv∥q,v ∈ Rm, ∥v∥p ≤ 1) ,

and U,V are the left and right singular vectors of Θ0.

(C3) supk ∥vec{R ◦Wk(Θ,β0)}∥1 ≤ dW for Θ that satisfies ∥Θ∥max ≤ a. Here, dW > 0
and a is the constant defined in Condition (C1).
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(C4) Assume

sup
k

|
n∑

i=1

m∑
j=1

RijE{S2(Yij ,X|Θ0,β0)Xk|Yij}| ≤ dEX.

Here dEX > 0. Here dEX does not need to be bounded.

(C5) Assume f(Yij ,Θ0ij +βT
0 Xij) is a continuously differentiable function with respect to

Θ0ij and β0. Furthermore, S2(Yij ,Xij |Θ0,β0) is a sub-Gaussian random variable.
∥Xij∥1 ≤ c0 for c0 > 0. This implies ∥Xij∥2 ≤ c0.

(C6) |H2(y,x|Θ,β)| is bounded uniformly by dH2 and |S2(y,x|Θ,β)| is bounded uniformly
by dS2 for all y,x, and Θ,β in the feasible set that ∥Θ∥max ≤ a, ∥β∥∞ ≤ a. Here
dH2 > 0 and dS2 > 0 satisfy c20a

2(dH2 + d2S2
)
√

log{max(p,mn)}/(mn) → 0 and

a2(dH2 + d2S2
)
√

dlog(d)/(mn) → 0.

Condition (C1) bounds the supnorms of Θ0 and β0 so that the true parameters fall in
the feasible set defined in (1). Let E =

∑p
k=1 β0kX

k, then Condition (C2) is a standard
identifiability condition for the matrix completion problem to identify Θ0 and E, where the
regression function is the sum of a low-rank matrix and a sparse matrix (Hsu et al., 2011).
Here, we set Θ to be low rank and allow E =

∑p
k=1 β0kX

k to be sparse because the covariate
matrices in the social media data are often naturally sparse, where the majority of them are
dictionary variables with a small number of nonzero entries (Robin et al., 2018). Without
this condition, there will not be a clear definition of β0, hence it is impossible to derive the
distance ∥β̂−β0∥2. Condition (C2) needs to hold only when we are interested in estimating
Θ0 and β0. If the goal is to predict the missing entries inY, Condition (C2) is not necessary.
Note that we also assume sparsity on β0, which is customary in treating high dimensional
regression and does not pertain to the matrix completion problem alone. Condition (C3)
ensures that the objective function has bounded second derivative with respect to β in L1

norm. Conditions (C4), (C5) and (C6) provide the upper bounds of the high dimensional
covariate, score functions and Hessian matrix, respectively. It is important to note that
c0, dH2 and dS2 are not necessarily bounded. Their growing rates jointly determine the

convergence of β̂ and Θ̂ as shown in Theorems 1 and 2.

3.3 Statistical Guarantee for β̂ and Θ̂

We utilize the profiling procedure to show that β̂ and Θ̂ converge to the true values. For
β̂, we show that β̂ approaches β0 when Θ in the loss function is fixed at Θ̂. To reach
this result, we first derive an upper bound of ∥∂L(Θ̂,β0)/∂β∥∞ in terms of dEX and dW.
The upper bound vanishes as long as dEX and dW grow slower than mn. Here because
we consider Θ̂ instead of Θ0 in the loss function, the upper bound is slightly larger than
the standard result in high dimensional generalized linear models, where only a sparse high
dimensional parameter is of interest. Furthermore, to assess the convexity of the objective
function, we start with verifying that a type of the restricted eigenvalue condition (e.g.
Bickel et al. (2009); Van De Geer et al. (2009)) is satisfied on a high sparsity (low L1/L2)
and low spikiness (low L∞/L2) parameter set, which contains our true parameter that
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satisfies ∥β∥0 = s and ∥β∥∞ ≤ a. To do that, we carefully define a set B(D) (Section
C), which has the following two properties: (1) the covering number of B(D), that is the
number of spherical balls of a given size that cover B(D), grows slower than O{exp(mn)};
(2) its union over all values of D covers the entire space of β. In such B(D), we show that
the probability of |βTFβ(X,Y|Θ̃, β̃)β−βTE{Fβ(X,Y|Θ̃, β̃)}β| → 0 at given Θ̃, β̃ for any

β approaches one when mn → ∞. In addition, we show that βTE{Fβ(X,Y|Θ̃, β̃)}β > 0,

which leads to the result that Fβ(X,Y|Θ̃, β̃) is asymptotically strictly positive definite

as described in Lemma A.10. This establishes that Fβ(X,Y|Θ̃, β̃) indeed satisfies the

restricted eigenvalue condition. This, together with the boundedness of ∥∂L(Θ̂,β0)/∂β∥∞,
leads to the convergence of ∥β̂−β0∥2. We use a similar procedure to derive the upper bound
for ∥Θ̂−Θ0∥F when β in the loss function is fixed at β̂. Specifically, to study the convexity
of the objective function, we verify that the restricted eigenvalue property is satisfied on
a low rank (low nuclear norm/Frobenius norm ratio) and low spikiness (low Lmax/L2) set,
which contains the true parameter that satisfies rank(Θ) = r and ∥Θ∥max ≤ a.

Lemma 1 Assume Conditions (C1), (C4) and (C5) to hold. Then there is a constant
ω > 0 so that ∥∥∥∥∂L(Θ̂,β0)

∂β

∥∥∥∥
∞

≤
√

ωlog{max(p,mn)}
mn

+
dEX

mn
+

2adW
mn

with probability at least 1− 2{max(p,mn)}−1.

Lemma 1 is a direct consequence of Lemmas A.5 and A.6 in the Appendix. Here the
term

√
ωlog{max(p,mn)}/(mn)+(mn)−1dEX is the order of ∥∂L(Θ0,β0)/∂β∥∞, while the

remaining term on the right hand side represents the order of the error ∥∂L(Θ0,β0)/∂β −
∂L(Θ̂,β0)/∂β∥∞.

Theorem 1 Assume Conditions (C1)–(C6) hold. Let

λβ ≥ 2

√
ωlog{max(p,mn)}

mn
+

2dEX

mn
+

4adW
mn

.

Then

∥β̂ − β0∥2 ≤ max

[ 10σ1F
α0β

√
mn

+

{
3λβ

√
s

α0β

}2
]1/2

+ 3
λβ

√
s

α0β
,

8a
√
sγ

√
log{max(p,mn)}

mn
, (4α0β)

−1/2

{
2σ2

1F

log{max(p,mn)}
mn

}1/4
)
(2)

with probability at least 1−4max(p,mn)−1−2(mn)−1−2{max(p,mn)}−C for some positive
constant C, where σ1F = 32c20a

2(dH2 + d2S2
), and

α0β ≡ αmin(E[RijE{S2
2(Yij ,Xij |Θ̂,β∗)XijX

T
ij |Yij} −RijE{S2(Yij ,Xij |Θ̂,β∗)Xij |Yij}⊗2])/4,

where αmin(M) here and throughout the text is the minimal eigenvalue of a given matrix
M.

8
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The proof of Theorem 1 is lengthy and is detailed in Appendix C and D. The convergence
of β̂ depends on many things, including the growing rate of p,m, n, the sparseness parameter
s, the bounds dH2 , dS2 , dEX, dW, c0, a, λβ and the missingness related quantity α0β. If s and
α0β are finite, dW and dEX grow slower than mn, and log(p) = o(mn), together with the
condition c20a

2(dH2 + d2S2
)
√
log{max(p,mn)}/(mn) → 0 in Condition (C6), then the upper

bound of ∥β̂ − β0∥2 in Theorem 1 will go to zero as mn increases. It is worth mentioning
that α0β always appears in the denominator of the upper bound of ∥β̂− β0∥2. It indicates
that although pr(Rij = 1|Yij) cannot be zero, it is allowed to go to zero at a certain
rate. In fact, as long as its vanishing speed is sufficiently slow so that λβ

√
s/α0β and

σ1F [log{max(p,mn)}/(mn)]1/2/α0β converge to zero, then the upper bound of ∥β̂ − β0∥2
will still go to zero.

It is worth mentioning that, for the identifiability of the parameters, we do not allow a
dense covariate matrix in the model. To see that, our Condition (C5) requires ∥Xij∥1 ≤ c0,
where c0 is a quantity that determines the growing rate of σ1F ≡ 32c20a

2(dH2 + d2S2
).

As shown in Theorem 1, the upper bound of the estimation error satisfies (2) in proba-
bility. Thus, for ∥β̂ − β0∥2 to vanish to zero, we would want σ1F to grow slower than√

(mn)/log{max(p,mn)}. Suppose we have bounded dH2 and dS2 , which is the case for
logistic regression, then c20 cannot grow faster than

√
(mn)/log{max(p,mn)}. This prevents

us from having a dense covariate matrix. In fact, if the covariate vector is dense, it is likely
to violate the identifiability Condition (C2) that

∑p
k=1 β0kX

k is a sparse matrix.
In practice, it is very rare that people can collect high dimensional dense Gaussian ma-

trices in the social media data. In the social media data, the majority of the features are
categorical, such as gender, race, address, etc, which are named dictionary in the literature
(See, for example, Robin et al. (2018)). Such features are then transformed to dummy vari-
ables and result in only very few nonzero values in the covariate matrices. Some features,
such as address, can have a large number of categories, and lead to a series of high dimen-
sional but highly sparse matrices Xk’s formed by dummy variables. The matrix Xk thus
has value one only at the entry corresponding to a specific user and a specific restaurant.
In all the above situations, we are likely to have a sparse matrix

∑p
k=1 β0kX

k.
Our method can be applied to the majority of the social media data with the dictionary

as the covariates, which is a very challenging problem even under missing-at-random settings
(Robin et al., 2018). The proposed technique can be very useful in analyzing social media
data.

Lemma 2 Assume Conditions (C1)–(C6) hold. Let

λβ ≥ 2

√
ωlog{max(p,mn)}

mn
+

2dEX

mn
+

4adW
mn

.

Then for some cd, γ > 0,∥∥∥∥∥∂L(Θ0, β̂)

∂Θ

∥∥∥∥∥
op

≤ cd

√
dlog(d)

mn
+ (2dH2 + 2d2S2

)max

[ 10σ1F
α0β

√
mn

+

{
3λβ

√
s

α0β

}2
]1/2

+
3λβ

√
s

α0β
, 8a

√
sγ

√
log{max(p,mn)}

mn
,

9
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(4α0β)
−1/2

{
2σ2

1F log{max(p,mn)}
mn

}1/4
)

with probability at least 1− 1/d.

This lemma is a direct consequence of Lemmas A.13 and A.14 in the Appendix. Here
cd
√

dlog(d)/(mn) on the right hand side captures the order of ∥∂L(Θ0,β0)/∂Θ∥∞ from
Lemma A.13, and the remaining terms on the right hand side describe the order of ∥∂L(Θ0,β0)/∂Θ−
∂L(Θ0, β̂)/∂Θ∥∞. We further show that the estimator Θ̂ described in (1) converges to the
true parameter value in probability as well.

Theorem 2 Assume Conditions (C1)–(C6) hold. Let

λΘ ≥ 2cd

√
dlog(d)

mn
+ 2(2dH2 + 2d2S2

)max

([
10σ1F

α0β
√
mn

+

{
3λβ

√
s

α0β

}2
]1/2

+
3λβ

√
s

α0β
, 8a

√
sγ

√
log{max(p,mn)}

mn
, (4α0β)

−1/2

{
2σ2

1F log{max(p,mn)}
mn

}1/4
)
.

Then

∥Θ̂−Θ0∥F ≤ max

([
137σdF

32α0Θ
√
mn

+
36λ2

Θr

α2
0Θ

]1/2
+

6λΘ
√
r

α0Θ
,

16a
√
rν

√
dlog(d)

mn
, (4α0Θ)−1/2

{
2σ2

dFdlog(d)

mn

}1/4
)

with probability at least 1−exp{−Cdlog(d)}−2 exp{−dlog(d)}−d−1, where C is a constant.
Here σdF ≡ 32a2(dH2 + d2S2

) and

α0Θ ≡ αmin

(
(mn)−1

n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]

)
/4.

We provide the proof of Theorem 2 in Appendix E and F. The convergence of Θ̂ depends
on the order ofm,n, r, p. Assume thatΘ0 is a matrix with finite rank, dlog(d)/log{max(p,mn)} →
∞, and dlog(d)/(mn) → 0. Combining with the order of ∥∂L(Θ0, β̂)/∂Θ∥op in Lemma 2,

the upper bound of ∥Θ̂−Θ0∥F is of order Op{dlog(d)/(mn)1/4}. Similar to Theorem 1, we

can see that α0Θ always appears in the denominator in the upper bound of ∥Θ̂−Θ0∥2. This
implies pr(Rij = 1|Yij) is allowed to go to zero as long as the vanishing speed is sufficiently
slow so that λΘ

√
r/α0Θ and σdF {dlog(d)/(mn)}1/2/α0Θ converge to zero.

Due to the high dimensionality of β and Θ, the convergence of β̂ and Θ̂ is difficult to
achieve. The sample version of the loss function can be non-convex, which may lead to
non-unique solution of the estimation procedure. To show statistical convergence, we show

10
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that the second derivative of the loss function with respect to the parameters satisfies the
restricted eigenvalue conditions as shown in Lemmas A.10 and A.19 for β and Θ, respec-
tively. These restricted eigenvalue conditions guarantee the convergence of our estimators
in the feasible set. Unlike standard results, the convergence of Θ̂ depends on that of β̂
and vice verse, and hence we require log{max(p,mn)} = op(mn) and dlog(d) = op(mn)

to achieve the consistency of both β̂ and Θ̂. The detailed theoretical derivations are in
the Appendix. We first establish a series of necessary lemmas in Sections C and E of the
Appendix, and then provide the detailed proofs in Sections D and F of the Appendix.

4. Computational Algorithm and Convergence

We now describe the computational algorithm and show its convergence rate theoretically.
In the computational aspect, we treat the two parametersΘ0 and β0 differently. In updating
β we use the proximal gradient algorithm, and in updating Θ we use soft-impute. We name
the combination of the proximal gradient algorithm and the soft-impute treatment as the
Soft Impute Proximal Gradient (SIPG) algorithm. In computing the integrals, we can view
the integrations as mean and approximate it using sample averages across different Xij ’s
when this brings computational gain.

Remark 1 Note that ∂L(Θ,β)/∂β − ∂L(Θ,β′)/∂β = ⟨∂L(Θ,β
′′
)2/∂β∂βT,β − β′⟩, by

Conditions (C5) and (C6), where β
′′
is a point on the line connecting β and β′. Therefore,

∥∂L(Θ,β)/∂β− ∂L(Θ,β′)/∂β∥2 ≤ σβ∥β−β′∥2 with σβ ≡ {2c20(dH2 + d2S2
)}. We say that

L(Θ,β) is σβ smooth with respect to β. Similarity let Θ and Θ′ be two m × n matrices,
and Θ′

lk = Θlk if (l, k) ̸= (i, j), and Θ′
ij ̸= Θij. It is easy to show that

|∂L(Θ,β)/∂Θij − ∂L(Θ′,β)/∂Θij | ≤ σΘ|Θij −Θ′
ij |,

where σΘ ≡ 2(dH2 + d2S2
). We say that L(Θ,β) is σΘ smooth with respect to Θ. Similarly

we can show that

∥∂L(Θ,β)/∂β − ∂L(Θ′,β)/∂β∥2 ≤ σβΘ∥Θ−Θ′∥F ,

for σβΘ ≡ 2c0(dH2 + d2S2
). We say that ∂L(Θ,β)/∂β is σβΘ Lipschitz continuous.

Using βt,Θt to denote the corresponding estimators at the tth iteration, and assuming
in the tth iteration βt−1,Θt−1 are given, we estimate βt using the proximal gradient descent.
That is, we obtain

βt = argminβ
1

2
∥β − βt−1 + η

∂L(Θt−1,βt−1)

∂β
∥22 + ηλβ∥β∥1

through letting

βt = ρηλβ

(
βt−1 − η

∂L{Θt−1,βt−1)}
∂β

)
,

where ρa is the component-wise soft thresholding operator so that the ith element of ρa(x)
is xi − a if xi > a, xi + a if xi < −a or 0 if |xi| < a. Here η is a step size. To update Θ, we

11



Jin, Ma and Jiang

consider

Θt = argminΘ
1

2

∥∥∥∥Θ−Θt−1 + η1
∂L(Θt−1,βt)

∂Θ

∥∥∥∥2
F

+ η1λΘ∥Θ∥∗,

where η1 is the step size, and use Soft-Impute (Mazumder et al., 2010) algorithm to im-
plement the optimization. Specifically, let UDVT be the singular value decomposition of
Θt−1 − η1∂L(Θt−1,βt)/∂Θ, we obtain

Θt = USoftη1λΘ
(D)VT,

where Softη1λΘ
(·) operates element-wise on the diagonal matrix D by replacing Dii with

(Dii − η1λΘ)+.
Let F (Θ,β) = L(Θ,β) − L + λΘ∥Θ∥∗ + λβ∥β∥1 for |L| < ∞ such that L(Θ,β) > L.

In Theorem 3, we establish the convergence of the proposed SIPG algorithm.
To prepare for Theorem 3, define

gβ(Θ,β, Q) = max
∥β̃∥≤Q

⟨∂L(Θ,β)/∂β,β − β̃⟩+ λβ(∥β∥1 − ∥β̃∥1),

gΘ(Θ,β, R) = max
∥Θ̃∥∗≤R

⟨∂L(Θ,β)/∂Θ,Θ− Θ̃⟩+ λΘ(∥Θ∥∗ − ∥Θ̃∥∗).

Let Qt = F (Θt,βt)/λβ, Rt = F (Θt,βt+1)/λΘ, σβ = C1(2dH2 + 2d2S2
)c20 for C1 > 1,

σΘ = 2dH2 + 2d2S2
.

Theorem 3 Assume that for all β, β̃ that satisfy ∥β∥∞ ≤ 2a, ∥β̃∥∞ ≤ a and all Θ, Θ̃ that
satisfy ∥Θ∥max ≤ 2a, ∥Θ̃∥max ≤ a,

βTE{Fβ(X,Y|Θ̃, β̃)}β≥4c0

√
(dH2

+ d2S2
)
log{max(p,mn)}

mn
∥β∥22,

vec(Θ)TE{FΘ(X,Y|Θ̃, β̃)}vec(Θ)≥4

√
(dH2

+ d2S2
)
log(mn)

mn
∥Θ∥2F ,

E

{ β

vec(Θ)

}T
∂2L(Θ,β)

∂[{βT, vec(Θ)T}T]⊗2

{
β

vec(Θ)

}≥4(c0 + 1)

√
(dH2

+ d2S2
)
log(mn)

mn

∥∥∥∥∥
{

β

vec(Θ)

}∥∥∥∥∥
2

2

,(3)

where the expectations are taken over X,Y. Select 0 < η < 1/σβ and select 0 < η1 < 1/σΘ.
Then when

T−1∑
t=0

1/C(t) ≥

{
1

ϵ
− 1

F (Θ0,β0)− F (Θ̂, β̂)

}
(4)

for C(t) = max{32(Rt−1)2/η1 + 16σ2
βΘ(Qt)2/(1/η1 − σΘ), 32(Qt)2/η}, we have

F (ΘT ,βT )− F (Θ̂, β̂) ≤ ϵ

with probability at least 1 − 6(mn + p)−1. Hence F (ΘT ,βT ) is the ϵ-optimal solution for
(1) with probability at least 1− 6(mn+ p)−1.
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Figure 1: Linear Model : The averages of ∥β̂ − β0∥2 and ∥Θ̂ −Θ0∥F of MNAR, EM and
MAR over 50 simulations when p = 50 (left) and p = 100 (right).

The proof of Theorem 3 is given in Appendix G and H. Theorem 3 shows that when
mn+ p → ∞, with probability approaching 1, the SIPG algorithm indeed converges to the
optimizer described in (1) as long as sufficiently many iterations are carried out. Here the
left hand side of (4) depends on the number of iterations T .

Remark 2 In Theorem 3, (3) leads to the convexity of the objective function when the
parameter search is implemented in the feasible set of ∥β∥∞ ≤ a and ∥Θ∥max ≤ a and
satisfies (3). By the definition of Qt, Rt, we have Qt ≤ Q0 and Rt ≤ R0 for t ≥ 1.
Therefore,

C(t) ≤ C ≡ max{32(R0)2/η1 + 16σ2
βΘ(Q0)2/(1/η1 − σΘ), 32(Q0)2/η},
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i.e.,
∑T

t=0{1/C(t)} ≥ TC
−1

. Thus, a sufficient condition for (4) is

T ≥ C

{
1

ϵ
− 1

F (Θ0,β0)− F (Θ̂, β̂)

}
.

This indicates that regardless what is the initial value, as long as the convexity on the feasible
set holds, we can always perform sufficiently many iterations to obtain the ϵ-optimal solution
with probability approaching to one. Of course, a closer initial value (Θ0,β0) to the solution
will require fewer iterations.We point out that our conditions in (3) are very mild and are
weaker than the standard literature. In fact, because the population version of L(Θ,β) is a
convex function, the expectations in (3) are naturally nonnegative. In the existing literature
(see, for example, the restrict eigenvalue condition in Loh and Wainwright (2012)), it is
standard to further require the expectations to be strictly positive, i.e., the expectations in
(3) are usually required to be larger than a positive constant. Here, because we allow the
missing probability to go to 1, we relax the strictly positive condition by replacing the positive
constant with a positive value that goes to zero.

5. Simulations

We perform three simulation studies to evaluate the MNAR method. The simulations are
repeated 50 times. We first generate Xijk ∼ Bernoulli(q) for k = 1, . . . , p independently,
where q = 0.2. Thus, g(xij) =

∏p
k=1 q

xijk(1− q)1−xijk . Then we generate Yij from a linear
model with mean Θ0ij + βT

0 Xij and standard deviation 5; We design Θ0 to be a rank 5
matrix with singular values (10, 1.8, 1.6, 1.4, 1.2), and β0 = (1, 0, 2, 0,−3,−4, 5, 0, . . . , 0)T.
We set m = n, and vary m,n from 100 to 1600. Furthermore, we generate Rij from
Pr(Rij = 1|Yij) = expit(Yij − Ȳ − D), where Ȳ =

∑
i,j Yij/(mn) and D is chosen to

achieve 90% missingness in the data. As specified in Theorems 1 and 2, we select λβ =

Cβ

√
log{max(p,mn)}/mn and λΘ = CΘmax

{√
log(d)/d, log{max(p,mn)}1/4

√
d
}
, where

Cβ and CΘ are constants chosen to achieve similar sparseness of the estimators across all
situations.

In Figure 1, we compare our method with the likelihood method which uses only the
observed data and assume missing at random (referred to as MAR method), and the expec-
tation–maximization (EM) method which imputes the missing outcomes by their expected
values based on the previous estimators. The results show the MNAR method outperforms
the EM and MAR methods consistently over all settings.

In the second simulation, we generate the response Yij ’s from a logistic model with
mean expit(Θ0ij + βT

0 Xij), and we generate Rij from Pr(Rij = 1 | Yij) = 0.19I(Yij =
1) + 0.01I(Yij = 0), so the missing probability is around 0.90 marginally. Figure 2 shows
that the MNAR method also outperforms the EM and MAR methods consistently under
the logistic model.

Furthermore, we conduct additional simulations when the covariates are row (column)-
specific, meaning that the covariates values are the same for the observations in the same
column (row). We adopt the same simulation setting as the ones used in Figure 1, except
that we change the covariate structure, where the first half covariates are row-specific while
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Figure 2: Logistic Model: The averages of ∥β̂ − β0∥2 and ∥Θ̂−Θ0∥F of MNAR, EM and
MAR over 50 simulations when p = 50 (left) and p = 100 (right).

the last half covariates are colunmn-specific. As shown in Figure 3, MNAR still outperforms
the other two methods under this setting.

Lastly, to evaluate the performance of MNAR in larger sample settings, we generate
data when p = 2, β0 = (1,−2)T and vary m,n from 100 to 12800 with m = n. We compare
the averages of ∥β̂ − β0∥2 and ∥Θ̂ − Θ0∥F of MNAR, EM and MAR over 50 simulations
in Figure 4 . The results show that the MNAR method outperforms the EM and MAR
methods in this setting. The experiment also demonstrates the ability of MNAR to handle
large data sets.
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Figure 3: Row (column) specific covariates: The averages of ∥β̂ − β0∥2 and ∥Θ̂ − Θ0∥F
of MNAR, EM and MAR over 50 simulations when p = 50 (left) and p = 100
(right).

6. Real Data Analysis

We evaluate the performance of the MNAR, MAR, and EM methods on the real data from
Yelp. Furthermore, we compare MNAR with a benchmark weighted collaborative filtering
algorithm on the MovieLens (https://grouplens.org/datasets/movielens/) and the
Yelp data.

6.1 Yelp Data Analysis

We apply the proposed method to analyze the data from Yelp, and the data set is available at
https://www.yelp.com/dataset/documentation/main. The full data set is huge, which
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Figure 4: Large matrix size: The averages of ∥β̂−β0∥2 and ∥Θ̂−Θ0∥F of MNAR, EM and
MAR over 50 simulations under linear (upper) and logistic models (lower) when
p = 2.
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Figure 5: The AUC differences between MNAR and the other three models for 20 repeti-
tions under different missing rates.

includes 8635403 reviews on 160585 businesses from 8 metropolitan areas. In combination
with a large number of covariates, it leads to prohibitive computation. Thus, we first select
500 restaurants which received most ratings in Las Vegas. Then we choose 1000 users who
gave most ratings for these 500 restaurants. The resulting Y matrix contains the reviews
from 1000 (n = 1000) customers at 500 (m = 500) restaurants with 90.9% missingness rate.
In addition, each Yij ’s corresponds to a 22 (p = 22) dimensional covariates vector Xij , which
includes baseline features of the ith customer and the jth restaurant such as the restaurant
star, the open date, the customer review count, etc. We further standardize these covariates
by subtracting the mean and dividing the standard deviation. We dichotomize the responses
so that Yij = 1 if the review score from the ith customer at the jth restaurant is greater
than 3.5. Furthermore, we introduce an evaluation procedure specifically for this missing
not at random data set as follows. We first remove the observed Yij ’s with probabilities
p1 and p0 for Yij = 1 and Yij = 0, respectively, where p0 and p1 with p0 ̸= p1 are chosen
so that an additional α100% missingness is introduced into the data. Then we perform
the proposed method on the remaining data, and use the estimation results to predict
the removed entries. We perform the procedure 20 times, and compare the area under the
receiver operating characteristic curve (AUC) of the MNAR, MAR, EM and MIMI methods
proposed by Robin et al. (2020) under the settings with α = 0.011, 0.021, 0.031, 0.041. In
the implementation, we use the Monte Carlo method to approximate the integration in
the loss function, while the distribution of Xij is estimated empirically. Because βTXij

contributes to the conditional distribution of Yij , we re-estimate the distribution of βTXij

when a new β is obtained. At the tth iteration, we sample M copies of βtTXij from the
empirical distribution, and approximate the integration as

(mn)−1
m∑
s=1

n∑
u=1

f(Yij ,Θij + βtTXsu) ≈
∫

f(Yij ,Θij + βtTX)g(X)dX.

The penalty parameters in the four methods are selected by grid search, i.e., under each α,
we generate a missing matrix R to tune the penalty parameters which yield largest AUC
for the four methods.

We plot the 20 AUC differences between MNAR and the other three methods in Figure
5. In addition, we plot the average AUCs of the four methods over the 20 repetitions in
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Figure 6: The means of AUC for the MNAR, EM, MAR and MIMI based on 20 repetitions
under different missing rates.

Figure 6. The results show that MNAR clearly outperforms all competing methods with
the largest AUC consistently across all settings.

6.2 Comparison with the weighted collaborative filtering method

Weighted collaborative filtering (WCF) is arguably the first approach that tackles the prob-
lem of nonignorable missing by assuming the missing data are the places where most nega-
tive feedbacks are expected to be found (Hu et al., 2008). We compare the performance of
our method with that of the WCF method proposed in Hu et al. (2008) on MovieLens 1M
data set, which includes one million ratings from 6040 users and 3952 movies. The data set
also contains information on the age of a user and genre of a movie, which we use as the
covariates in the MNAR method. There are 7 age groups and 302 different movie genres,
so the covariate size is p = 7× 302 = 2114.

The missingness rate is over 95.7% in the full data. To evaluate the two methods, we first
remove the observed Yij ’s with probabilities p1 and p0 for Yij = 5 and Yij ̸= 5 respectively,
where p0 and p1 (p0 ̸= p1) are chosen so that an additional 1% missingness is introduced
into the training data. We evaluate the performance of the two methods using the expected
percentile ranking proposed by Hu et al. (2008). Specifically, after obtaining the predicted
ratings of all the movies by all the users, we obtain the percentile-ranking rui of movie i in
all movies (including both rated and unrated movies) for user u.
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Now let Y t
ui be the observed rating of movie i by user u in the testing data set. Then

the expected percentile ranking is calculated as

r =

∑
ui Y

t
uirui∑

ui Y
t
ui

.

Note that a smaller r indicates better performance. The same procedure is repeated 20
times, and we provide the average of the 20 r’s as the final performance measure.

For the WCF method, we obtain the weights using the BM25 function (Christopher
et al., 2008) with two tuning parameters b, k1 selected as b = 0.75 and k1 = 2. This
selection gives us the best performance among those recommended in Christopher et al.
(2008) (b = 0.75 and k1 ∈ [1.2, 2.0]). We also plot the mean of the expected percentile
ranking over different choices of factors on 20 testing data sets in the left panel of Figure 7.
The results show that WCF is sensitive to the selection of the number of factors with the
optimal number of factors being 16 among all selections. Moreover, we plot the boxplots of
the expected percentile rankings over the 20 testing data sets from the MNAR and WCF
methods in the right panel of Figure 7. The results show that MNAR outperforms WCF
with significantly smaller expected percentile rankings.

We also apply MNAR and WCF on the Yelp data set discussed in Section 6.1. We again
plot the mean of the expected percentile ranking over different choices of factors in the left
panel of Figure 8. The results show that the WCF is sensitive to the selection of the number
of factors with the optimal number of factors being 4 among all selections. Moreover, we
plot the boxplots of the expected percentile rankings from MNAR and WCF methods in the
right panel of Figure 8. The results show that MNAR outperforms WCF with significantly
smaller expected percentile rankings.

Figure 7: MovieLens data analysis: Left: The expected percentile ranking versus the num-
ber of factors from the WCF method. The expected percentile ranking decreases
when the number of factors is less than 16, and starts to increase when the num-
ber of factors is greater than 16. Right: The boxplots of the expected percentile
rankings from MNAR and WCF. MNAR has significantly smaller expected per-
centile rankings.
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Figure 8: Yelp data analysis: Left: The expected percentile ranking versus the number of
factors from the WCF method. The expected percentile ranking decreases when
the number of factors is less than 4, and starts to increase when the number of
factors is greater than 4. Right: The boxplots of the expected percentile rank-
ings from MNAR and WCF methods. MNAR has significantly smaller expected
percentile rankings.

7. Related work

Matrix completion problems have caught researchers’ attention in recent years. The earlier
works in this area do not consider any noise in the response (Candés and Recht, 2009;
Recht, 2011), and only study the theoretical properties of perfect matrix completion. Noise
issue is later taken into account in Candés and Plan (2010); Koltchinskii et al. (2011);
Rohde and Tsybakov (2011); Negahban and Wainwright (2012), although they still do not
include covariates or study missingness mechanism. In more recent works, nonuniform
missing mechanism has also raised attention (Srebro and Salakhutdinov, 2010; Negahban
and Wainwright, 2012; Klopp, 2014; Cai and Zhou, 2016; Cai et al., 2016; Bi et al., 2016;
Mao et al., 2019). In addition, covariate information is taken into account. For example,
Abernethy et al. (2009); Xu et al. (2013); Chiang et al. (2015); Mao et al. (2018) consider
additional finite dimensional covariate effect; Zhu et al. (2016) cast the matrix completion
problem in a sparse regression setting and estimate the high dimensional parameters with
the conventional lasso type penalty; Robin et al. (2018) consider matrix completion with
high dimensional covariate in the generalized linear model when the loss function is convex.
Nevertheless, even the most sophisticated missingness feature studied in Mao et al. (2019)
and the most flexible covariate structure studied in Robin et al. (2018) still assume a specific
missingness mechanism model and require that the missingness does not depend on the
potential response value given the covariates, i.e. they require modeling the missingness
mechanism and they are limited to the framework of missing at random. These assumptions
conveniently facilitate the parameter estimation, because the missingness does not affect the
convexity of the loss function, and the estimation consistency can be easily achieved when
the proportion of missing is not overwhelmingly large. However, this is restrictive and
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is somewhat unrealistic in many customer evaluation system such as the Yelp restaurant
evaluation problem considered here.

Missingness is usually classified into three categories, missing completely at random,
missing at random and missing not at random. The first two classes have received extensive
studies and a vast amount of literature is available. However, the third class, which is
sometimes also referred to as informative or nonignorable missing, is much harder to treat
and has not been well studied until very recent years. Some attempts are made, see, for
example, Zhao and Shao (2015); Miao and Tchetgen Tchetgen (2016). The nonignorable
missing problem has also caught attention in the collaborative filtering literature. Marlin
and Zemel (2009), Hernández-Lobato et al. (2014), and Liang et al. (2016) discuss the
collaborative prediction and ranking with nonignorable missing data while assuming the
missing distributions are given; Hu et al. (2008) and Pan et al. (2008) tackle the problem
of MNAR data in the case of implicit feedback-data; and Steck (2010) discusses how to
evaluate the algorithm under MNAR settings. But none of these works directly predicts
the product rating under the MNAR setting for the unknown missing distribution as we do,
and none of them is in the high dimensional covariates setting as we consider here. Our work
is in the third category, with the additional complexity of ultra-high dimensional covariates.
To handle the nonignorable missing, we establish a penalized pseudo-likelihood framework,
where despite of the goal of predicting Yij based on the covariate information Xij , we
work with the reverse relation of Xij given Yij , hence bypassing the difficulties caused by
the nonignorable missingness. However, in the ultra-high dimensional covariate situation,
this leads to a non-convexity issue even if the original full data likelihood is convex. We
address and overcome these issues caused by the ultra-high dimension by simultaneously
incorporating the low-rank restriction on the baseline evaluation matrix and the sparseness
assumption on the potentially high dimensional covariates. Moreover, we develop efficient
computational algorithms to obtain the low-rank and sparse parameter estimators. To the
best of our knowledge, our work is the first complete framework to allow the missingness
in the matrix to depend on the evaluation value that is itself missing, while simultaneously
considering ultra-high dimensional covariates. The penalized pseudo-likelihood strategy
may also have wide application in supervised learning settings when outcomes are missing
with unknown mechanisms, or more generally when the sample is biased due to various
sampling issues. We aim at tackling the complex case where both the high dimensional
covariate effect and matrix completion are of interest. The proposed method is easily
generalizable to simpler settings when only the covariate effect is of interests or only the
matrix completion with low dimensional covariate effects is considered.

8. Conclusion

We have considered a matrix completion problem where not only the missingness mechanism
of the entries in the matrix belongs to the missing not at random context, but also the
covariate information is taken into account. The diverging size of the matrix is regularized
through a rank constraint enforced through penalizing its nuclear norm, and the diverging
dimension of the covariates is regularized through a sparsity assumption imposed via the L1

penalization. It will be of interest to investigate if other practically justifiable constraints
can be used to replace or enrich these assumptions. It will also be of interest to investigate
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if better procedures can be developed if one is willing to make more concrete assumptions
on the missingness mechanism. These are challenging problems but can be rewarding to
study.
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Appendix

A. The Expression of Notations in Section 3.1

To facilitate the theoretic derivation, we write out the explicit expression for some important quan-
tities. Recall the definition of zij defined in Section 3.1. Now

∂L(Θ,β)

∂Θ

= −(mn)−1
n∑
i=1

m∑
j=1

Rij

[{
f2(Yij ,Θij + βTXij)

f(Yij ,Θij + βTXij)
−
∫
f2(Yij ,Θij + βTX)g(X)dX∫
f(Yij ,Θij + βTX)g(X)dX

}
zij

]
and

∂2L(Θ,β)

∂vec(Θ)∂vec(Θ)T

= −(mn)−1
n∑
i=1

m∑
j=1

Rij

[{
f22(Yij ,Θij + βTXij)

f(Yij ,Θij + βTXij)
− f2

2 (Yij ,Θij + βTXij)

f2(Yij ,Θij + βTXij)

−
∫
f22(Yij ,Θij + βTX)g(X)dX∫
f(Yij ,Θij + βTX)g(X)dX

+
{
∫
f2(Yij ,Θij + βTX)g(X)dX}2{∫
f(Yij ,Θij + βTX)g(X)dX

}2

 vec(zij)
⊗2

 .

Further, we have

∂L(Θ,β)

∂β

= −(mn)−1
n∑
i=1

m∑
j=1

Rij

[{
f2(Yij ,Θij + βTXij)

f(Yij ,Θij + βTXij)
Xij −

∫
f2(Yij ,Θij + βTX)g(X)XdX∫
f(Yij ,Θij + βTX)g(X)dX

}]
,

∂2L(Θ,β)

∂β∂βT

= −(mn)−1
n∑
i=1

m∑
j=1

Rij

[{
f22(Yij ,Θij + βTXij)

f(Yij ,Θij + βTXij)
− f2

2 (Yij ,Θij + βTXij)

f2(Yij ,Θij + βTXij)

}
X⊗2
ij

−


∫
f22(Yij ,Θij + βTX)g(X)X⊗2dX∫

f(Yij ,Θij + βTX)g(X)dX
−

{
∫
f2(Yij ,Θij + βTX)g(X)XdX}⊗2{∫
f(Yij ,Θij + βTX)g(X)dX

}2


 ,

and

∂2L(Θ,β)

∂vec(Θ)∂βT

= −(mn)−1
n∑
i=1

m∑
j=1

Rij

[{
f22(Yij ,Θij + βTXij)

f(Yij ,Θij + βTXij)
− f2

2 (Yij ,Θij + βTXij)

f2(Yij ,Θij + βTXij)

}
vec(zij)X

T
ij

−

{∫
f22(Yij ,Θij + βTX)g(X)vec(zij)X

TdX∫
f(Yij ,Θij + βTX)g(X)dX

−
{
∫
f2(Yij ,Θij + βTX)g(X)dXvec(zij)}{

∫
f2(Yij ,Θij + βTX)g(X)XdX}T{∫

f(Yij ,Θij + βTX)g(X)dX
}2


 .
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Let M = (vec(Θ)T,βT)T, we can write

∂L(Θ,β)

∂M
= −(mn)−1

n∑
i=1

m∑
j=1

Rij [S(Yij ,Xij |Θ,β)− E{S(Yij ,Xij |Θ,β)|Yij}] .

Furthermore because

H(Yij ,Xij ,Θ,β) = −

{
f22(Yij ,Θij + βTXij)

f(Yij ,Θij + βTXij)
− f2

2 (Yij ,Θij + βTXij)

f2(Yij ,Θij + βTXij)

}
[{vec(zij)T,XT

ij}T]⊗2,

we get

E{H(Yij ,Xij |Θ,β)|Yij} = −
∫
f22(Yij ,Θij + βTX)g(X){(vec(zij)T,XT)T}⊗2dX∫

f(Yij ,Θij + βTX)g(X)dX

+E

{
f2
2 (Yij ,Θij + βTX)

f2(Yij ,Θij + βTX)
{(vec(zij)T,XT)T}⊗2|Yij

}
,

and

∂2L(Θ,β)

∂M∂MT
= (mn)−1

n∑
i=1

m∑
j=1

Rij

(
H(Yij ,Xij |Θ,β)− E{H(Yij ,Xij |Θ,β)|Yij}

+E
{
S(Yij ,Xij |Θ,β)⊗2|Yij

}
− [E{S(Yij ,Xij |Θ,β)|Yij}]⊗2

)
. (5)

Now for any functions h1(Rij), h2(Yij ,Xij), because Xij and Rij are independent given Yij , we have

E{h1(Rij)h2(Yij ,Xij)|Yij} = E{h1(Rij)|Yij}E{h2(Yij ,Xij)|Yij}.

We also have

E (Rij [H(Yij ,Xij |Θ,β)− E{H(Yij ,Xij |Θ,β)|Yij}]) = 0.

Combining with (5), we obtain that E{∂2L(Θ,α)/∂M∂MT} is semi-positive definite. That is

αmin[E{∂2L(Θ,α)/∂M∂MT}] ≥ 0, (6)

where αmin(A) is the smallest singular value of matrix A. In addition, we write

Wijk(Θ,β) ≡ eTk
∂ℓij(Θ,β)

∂β∂⟨Θ, zij⟩

=

[{
f22(Yij ,Θij + βTXij)

f(Yij ,Θij + βTXij)
− f2

2 (Yij ,Θij + βTXij)

f2(Yij ,Θij + βTXij)

}
Xijk

−

{∫
f22(Yij ,Θij + βTX)g(X)XkdX∫

f(Yij ,Θij + βTX)g(X)dX

−
{
∫
f2(Yij ,Θij + βTX)g(X)XkdX}{

∫
f2(Yij ,Θij + βTX)g(X)dX}{∫

f(Yij ,Θij + βTX)g(X)dX
}2


 .
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B. Some Lemmas

Lemma A.1 Suppose the independent random variables Xi, i = 1, . . . , n are bounded in the interval
[a, b] with mean µ. Then Xi is a sub-Gaussian with parameter σ = |b− a|. Further,

Pr

{
|
n∑
i=1

(Xi − µ)| ≥ t

}
≤ 2 exp

{
− t2

2nσ2

}
.

Proof: This is the direct consequence of Example 2.3 and Proposition 2.1 in Chapter 2 of Wainwright
(2019).

The lemma shows that a bounded variable is a sub-Gaussian distributed random variable.

Lemma A.2 Consider the independent random variables Y1, . . . , Yn such that there are infinitely
many constants ui, vi, ui ≤ Yi ≤ vi, i = 1, . . . , n. Let Z = supt∈T

∑n
i=1 tiYi, where T is a set of

vectors t = (t1, . . . , tn) and σ = supt∈T {
∑n
i=1 t

2
i (vi − ui)

2}1/2 < ∞. Let mZ be the median of Z.
Then for δ ≥ 0, we have

Pr(|Z −mZ | ≥ δ) ≤ 4 exp{−δ2/(4σ2)}. (7)

Furthermore

|E(Z)−mZ | ≤ 4
√
πσ

var(Z) ≤ 16σ2. (8)

Proof: This lemma is the Corollary 4.8 in Ledoux (2001).
The lemma demonstrates that a random variable with bounded variation has similar tail property

as a sub-Gaussian distributed random variable does. It also provides bounds on the deviation from
median and the distance between mean and median.

Lemma A.3 Let Wi be independent dr × dc zero mean random matrix such that ∥Wi∥op ≤ M ,
and define

σ2
i ≡ max

{
∥E(WiWiT)∥op, ∥E(WiTWi)∥op

}
and σ2 =

∑n
i=1 σ

2
i . Then we have

Pr

(
∥

n∑
i=1

Wi∥op ≥ t

)
≤ drdcmax

[
exp{−t2/(4σ2)}, exp{−t/(2M)}

]
.

Proof: This lemma follows Lemma 7 in Negahban and Wainwright (2012).

Lemma A.4 (Hoeffding bound). Let X1, . . . , XN be independent centered sub-Gaussian random
variables, let K = maxi ∥Xi∥ψ2

, where ∥Xi∥ψ2
≡ supk≥1 k

−1/2E(|X|k)1/k. is bounded for the sub-
Gaussian random variable. Then for t > 0, we have

Pr

{
|
N∑
i=1

Xi| > t

}
≤ 2 exp

(
− t2

2NK2

)
.

Proof: This lemma is from Proposition 2.1 in Wainwright (2019).
The lemma demonstrates the tail property for the operation norm of the sum of random matrices.
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C. Lemmas for Theorem 1

Define

C(γ) = {β ∈ Rp : ∥β∥∞∥β∥1/∥β∥22 ≤ γ−1{mn/log{max(p,mn)}}1/2},
B(D) = {∆β ∈ C(γ)|∥∆β∥2 ≤ D, ∥∆β∥1 ≤ D2/γ

√
mn/log{max(p,mn)}, ∥∆β∥∞ ≤ a}.

Lemma A.5 Assume Condition (C1) and (C3) hold, and let Θ̂ be the solution for (1), then

∥∂L(Θ̂,β0)

∂β
− ∂L(Θ0,β0)

∂β
∥∞ ≤ 2adW(mn)−1

Proof: First note that by the mean value theorem, we have

∂L(Θ̂,β0)

∂β
− ∂L(Θ0,β0)

∂β
= (mn)−1

n∑
i=1

m∑
j=1

∂2Lij(Θ∗,β0)

∂β0∂⟨Θ, zij⟩
⟨zij , Θ̂−Θ0⟩,

where Θ∗ is the point on the line connecting Θ̂ and Θ0. Hence

∥∂L(Θ̂,β0)

∂β
− ∂L(Θ0,β0)

∂β
∥∞

= sup
k

|(mn)−1
n∑
i=1

m∑
j=1

Rij⟨Wijk(Θ
∗,β0)zij , Θ̂−Θ0⟩|

= sup
k

|(mn)−1⟨R ◦Wk(Θ
∗,β0), Θ̂−Θ0⟩|

≤ (mn)−1 sup
k

∥vec{R ◦Wk(Θ
∗,β0)}∥1∥Θ̂−Θ0∥max

≤ 2adW(mn)−1.

The last inequality holds by Condition (C1) and (C3). This proves the result.

Lemma A.6 Assume Conditions (C1), (C4) and (C5) hold, there is a constant ω > 0 such that

∥∂L(Θ0,β0)

∂β
∥∞ ≤

√
ωlog{max(p,mn)}/(mn) + (mn)−1dEX

with probability at least 1− 2{max(p,mn)}−1.

Proof: Recall that Xk is the n ×m matrix with the (i, j)th element Xijk, and S2(Yij ,Xij |Θ,β) is

the partial derivative of −log{f(Yij ,Θij+βTXij)} with respect to Θij+βTXij . Let S2(Y,X|Θ,β)
be the n×m matrix with the (i, j)th element S2(Yij ,Xij |Θ,β), we write

sup
k

|
{
∂L(Θ0,β0)

∂β

}
k

|

= sup
k

|(mn)−1
n∑
i=1

m∑
j=1

Rij

[{
f2(Yij ,Θ0ij + βT

0 Xij)

f(Yij ,Θ0ij + βT
0 Xij)

Xijk −
∫
f2(Yij ,Θ0ij + βT

0 X)g(X)XkdX∫
f(Yij ,Θ0ij + βT

0 X)g(X)dX

}]
|

= sup
k

|(mn)−1
n∑
i=1

m∑
j=1

RijS2(Yij ,Xij ,Θ0,β0)Xijk −RijE{S2(Yij ,X|Θ0,β0)Xk|Yij}|
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≤ sup
k

|(mn)−1
n∑
i=1

m∑
j=1

RijS2(Yij ,Xij |Θ0,β0)Xijk|

+sup
k

|(mn)−1
n∑
i=1

m∑
j=1

RijE{S2(Yij ,X|Θ0,β0)Xk|Yij}|

≤ sup
k

|(mn)−1
n∑
i=1

m∑
j=1

RijS2(Yij ,Xij |Θ0,β0)Xijk|+ (mn)−1dEX

Here we used Condition (C4) in step 4 and the last step. Now because S2(Yij ,Xij |Θ0,β0) is sub-
Gaussian and Xijk are bounded as assumed in Conditions (C5), Esij = RijS2(Yij ,Xij |Θ0,β0)Xijk

is a sub-Gaussian random variable, by Lemma A.4, we have

Pr

|(mn)−1
n∑
i=1

m∑
j=1

Esij | > t

 ≤ 2 exp(−2mnt2/ω)

for some constant ω > 0. Therefore, we have

Pr

sup
k

|(mn)−1
n∑
i=1

m∑
j=1

RijS2(Yij ,Xij |Θ0,β0)Xijk| ≥ t


≤ pPr(|(mn)−1

n∑
i=1

m∑
j=1

Esij | > t)

≤ 2 exp{−2mnt2/ω + log(p)}.

Let t =
√
ωlog{max(p,mn)}/(mn), we get

Pr

sup
k

|(mn)−1
n∑
i=1

m∑
j=1

RijS2(Yij ,Xij |Θ0,β0)Xijk| ≥
√
ωlog{max(p,mn)}/(mn)

 ≤ 2{max(p,mn)}−1.

Plug in the above result to (9), we get∥∥∥∥∂L(Θ0,β0)

∂β

∥∥∥∥
∞

≥
√
ωlog{max(p,mn)}/(mn) + (mn)−1dEX

with probability at most 2{max(p,mn)}−1.

Lemma A.7 Let N(δ) be the δ-covering number of B(D). Then there is a constant c1 > 0 such
that

log{N(δ)} ≤ 9

δ2
c21D

4mn/γ2.

Here, δ-covering number is defined as the number of disks with radius δ and center in B(D) needed
to cover B(D).

Proof: Define B1(D) = {∆β ∈ Rp|∥∆β∥1 ≤ D2
√

mn/log{max(p,mn)}/γ} and let Ñ(δ) be the

δ-covering number of B1(D). We have B(D) ⊆ B1(D) and N(δ) ≤ Ñ(δ). Now by the Sudakov
minoration (Theorem 5.6 in Pisier (1999)) for a p-dimensional vector G containing independent
identically distributed standard normal random variables Gi, i = 1, . . . , p√

log{Ñ(δ)} ≤ 3

δ
E

(
sup

∥∆β∥1≤D2{mn/log{max(p,mn)}}1/2/γ

⟨G,∆β⟩

)
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≤ 3

δ
E( max

i∈[1,p]
|Gi|)D2

√
mn/log(p)/γ

≤ 3

δ
c1D

2
√

log(p)
√
mn/log(p)/γ

=
3

δ
c1D

2
√
mn/γ,

for some constant c1 > 0. The second line holds by the duality of L1 and L∞ norm. The third line
holds because E(supi∈[1,n] |Zi|) = Op{

√
log(n)} for an independent identically distributed sequence

of normal random variables Z1, . . . , Zn. Therefore, we have

log{N(δ)} ≤ 9

δ2
c21D

4mn/γ2.

In the following we first show for Θ̃ and β̃ in the feasible set that ∥Θ̃∥max ≤ a and ∥β̃∥∞ ≤ a,
we have

sup
β∈B(D)

|βTFβ(X,Y|Θ̃, β̃)β − βTE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]β|

is upper bounded by a O(1) constants. Then we use the peeling arguments (Negahban and Wain-
wright, 2012) to show the boundedness of

sup
β∈C(γ)

|βTFβ(X,Y|Θ̃, β̃)β − βTE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]β|.

Lemma A.8 and Lemma A.9 are the auxiliary results to establish the first relation.

Lemma A.8 Assume Conditions (C1), (C5), (C6). Let δ = D/ξ, where ξ is an absolute constant,
and c1 is defined in Lemma A.7. Let β ∈ B(D), and βk, k = 1, . . . N(δ) be a δ-covering of B(D) in
L2 norm. By definition, given an arbitrary β ∈ B(D), there is some index k ∈ {1, . . . , N(δ)} and

a difference matrix ∆β with ∥∆β∥2 ≤ δ such that β = βk + ∆β. Recall that for Θ̃ and β̃ in the

feasible set that ∥Θ̃∥max ≤ a and ∥β̃∥∞ ≤ a

aTFβ(X,Y|Θ̃, β̃)b

= (mn)−1

 n∑
i=1

m∑
j=1

aTRij [H2(Yij ,Xij |Θ̃, β̃)XijX
T
ij − E{H2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

+E{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij} − E{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]b

)
.

Then there are positive constants c2, c3 such that

Pr

(
sup

k=1,...,N(δ)

|βk
T

Fβ(X,Y|Θ̃, β̃)βk − βk
T

E[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]βk|

≥ δ2 +
32(dH2 + d2S2

)a2c20√
mn

)
≤ 4 exp

(
−c2D

2mn
)
,
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Pr

(
sup

k=1,...,N(δ)

|βk
T

Fβ(X,Y|Θ̃, β̃)(β − βk)− βkTE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2](β − βk)|

≥ δ2 +
64(dH2

+ d2S2
)a2c20√

mn

)
≤ 4 exp

(
−c3D

2mn
)
.

Proof: First we write

|βk
T

Rij [H2(Yij ,Xij |Θ̃, β̃)XijX
T
ij − E{H2(Yij ,X|Θ̃, β̃)XXT|Yij}

+E{S2
2(Yij ,X|Θ̃, β̃)XXT|Yij} − E{S2(Yij ,X|Θ̃, β̃)X|Yij}⊗2]βk|

≤ sup
Xij

{2dH2
∥βk∥∞∥Xij∥1∥βk∥∞∥Xij∥1 + 2d2S2

∥βk∥∞∥Xij∥1∥βk∥∞∥Xij∥1}

= 2(dH2 + d2S2
)(ac0)

2.

Also we have

|βk
T

Rij [H2(Yij ,Xij |Θ̃, β̃)XijX
T
ij − E{H2(Yij ,X|Θ̃, β̃)XXT|Yij}

+E{S2
2(Yij ,X|Θ̃, β̃)XXT|Yij} − E{S2(Yij ,X|Θ̃, β̃)X|Yij}⊗2]βk|

≤ sup
Xij

{2dH2
∥βk∥2∥Xij∥2∥βk∥∞∥Xij∥1 + 2d2S2

∥βk∥2∥Xij∥2∥βk∥∞∥Xij∥1}

= 2(dH2 + d2S2
)(ac20)D,

by Conditions (C1), (C5) and (C6). We now use Lemma A.2, where we treat each summand

in βk
T

Fβ(X,Y|Θ̃, β̃)βk as Yi in Lemma A.2, and set (ui, vi) = {−2(dH2
+ d2S2

)ac20D, 2(dH2
+

d2S2
)ac20D} and (u1i, v1i) = {−2(dH2 + d2S2

)a2c20, 2(dH2 + d2S2
)a2c20}. Consider T to contain only

one vector t, where t is the mn dimensional vector with element (mn)−1. Then Z in Lemma

A.2 is βk
T

Fβ(X,Y|Θ̃, β̃)βk and we set σ in Lemma A.2 (7) as σ = [
∑n
i=1

∑m
j=1(mn)−2{4(dH2

+

d2S2
)ac20D}2]1/2 = 4(dH2+d2S2

)ac20D/
√
mn, while we set σ in (8) as σ1 = [

∑n
i=1

∑m
j=1(mn)−2{4(dH2+

d2S2
)a2c20}2]1/2 = 4(dH2

+ d2S2
)a2c20/

√
mn. Let mF be the median of βk

T

Fβ(X,Y|Θ̃, β̃)βk, we have

Pr

(
|βk

T

Fβ(X,Y|Θ̃, β̃)βk − βk
T

E{Fβ(X,Y|Θ̃, β̃)}βk| ≥ δ2 +
32(dH2

+ d2S2
)a2c20√

mn

)
≤ Pr

(
|βk

T

Fβ(X,Y|Θ̃, β̃)βk −mF }|+ |βk
T

E{Fβ(X,Y|Θ̃, β̃)}βk −mF }| ≥ δ2 +
32(dH2

+ d2S2
)a2c20√

mn

)
≤ Pr

(
|βk

T

Fβ(X,Y|Θ̃, β̃)βk −mF }| ≥ δ2 +
32(dH2

+ d2S2
)a2c20√

mn
−

16
√
π(dH2 + d2S2

)a2c20√
mn

)
≤ Pr

(
|βk

T

Fβ(X,Y|Θ̃, β̃)βk −mF | ≥ δ2
)

≤ 4 exp

{
−mnδ4

64(dH2
+ d2S2

)2a2c40D
2

}
.

Now for βk ∈ B(D), k = 1, . . . , N(δ), we have

Pr

{
sup

k=1,...,N(δ)

|βk
T

Fβ(X,Y|Θ̃, β̃)βk − βk
T

E[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}
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−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]βk| ≥ δ2 +
32(dH2

+ d2S2
)a2c20√

mn

}
≤ 4 exp

{
−mnδ4

64(dH2
+ d2S2

)2a2c40D
2
+ log{N(δ)}

}
≤ 4 exp

{
−mnδ4

64(dH2 + d2S2
)2a2c40D

2
+

9

δ2
c21D

4mn/γ2

}
.

Now because δ = D/ξ, we can select γ sufficiently large so that δ4{64(dH2 + d2S2
)2a2c40D

2}−1 ≥
18δ−2c21D

4/γ2. Thus we have

Pr

{
sup

k=1,...,N(δ)

|βk
T

Fβ(X,Y|Θ̃, β̃)βk − βk
T

E{RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2}βk| ≥ δ2 +
32(dH2

+ d2S2
)a2c20√

mn

}
≤ 4 exp

(
−c2D

2mn
)
,

where c2 = −9c21ξ
2γ−2. Using the similar argument we can show that there is a c3 > 0 such that

Pr

{
sup

k=1,...,N(δ)

|βk
T

Fβ(X,Y)(β − βk)− βk
T

E{RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2}(β − βk)|

≥ D2/ξ2 +
64(dH2 + d2S2

)a2c20√
mn

}
≤ 4 exp

(
−c3D

2mn
)
.

This proves the result.

Lemma A.9 Assume Conditions (C5) and (C6) hold, δ = D/ξ. Let Fβ(X,Y|Θ̃, β̃) be as defined in

Lemma A.8. Define Dβ(D) ≡ {∆β ∈ Rp|∥∆β∥2 ≤ δ, ∥∆β∥1 ≤ 2D2
√
mn/log{max(p,mn)}/γ, ∥∆β∥∞ ≤

2a}. Then

sup
∆β∈Dβ(D)

|∆T
βFβ(X,Y|Θ̃, β̃)∆β| ≤ 2(dH2 + d2S2

)c20δ
2.

Proof: First note that

sup
∆β∈Dβ(D)

(mn)−1
n∑
i=1

m∑
j=1

∆T
βH2(Yij ,Xij |Θ̃, β̃)XijX

T
ij∆β ≤ dH2c

2
0δ

2.

and first inequality holds by Conditions (C5) and (C6).
Follow the same arguments we have

sup
∆β∈Dβ(D)

(mn)−1
n∑
i=1

m∑
j=1

∆T
βE{H2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}∆β

 ≤ dH2
c20δ

2,

sup
∆β∈Dβ(D)

(mn)−1
n∑
i=1

m∑
j=1

∆T
βE{S2

2(Yij ,Xij |Θ̃, β̃)XijX
T
ij |Yij}∆β

 ≤ d2S2
c20δ

2, (9)
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and

sup
∆β∈Dβ(D)

(mn)−1
n∑
i=1

m∑
j=1

∆T
βE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2∆β

 ≤ d2S2
c20δ

2 (10)

Hence

sup
∆β∈DβD)

|∆T
βFβ(X,Y|Θ̃, β̃)∆β| ≤ 2(dH2 + d2S2

)c20δ
2.

Lemma A.10 Assume Conditions (C1)–(C6) hold. Let δ be as defined in Lemma A.9. For β ∈
C(γ), we have

|βTFβ(X,Y|Θ̃, β̃)β − βTE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]β|
≥ αmin(E[RijE{S2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2])/2∥β∥22 + 160(dH2 + d2S2
)a2c20/

√
mn

with probability at most 1− exp[−Clog{max(p,mn)}] for some positive constant C.

Proof: For any β ∈ B(D), there is a k ∈ {1, . . . , N(δ)}, so that ∆̃β ≡ β − βk satisfies ∥∆̃β∥2 ≤ δ,

∥∆̃β∥1 ≤ 2D2
√
mn/log{max(p,mn)}/γ, and ∥∆̃β∥∞ ≤ 2a, hence ∆̃β ∈ Dβ(D), where Dβ(D) is

defined in Lemma A.9. In addition,

βTFβ(X,Y|Θ̃, β̃)β − βTE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]β

= (βk + ∆̃β)
TFβ(X,Y|Θ̃, β̃)(βk + ∆̃β)− (βk + ∆̃β)

TE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2](βk + ∆̃β)

= βk
T

Fβ(X,Y|Θ̃, β̃)βk − (βk)TE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]βk

+2βk
T

Fβ(X,Y|Θ̃, β̃)∆̃β,−(βk)TE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−2RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]∆̃β

+∆̃
T

βFβ(X,Y|Θ̃, β̃)∆̃β − ∆̃
T

βE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij , Θ̃, β̃)Xij |Yij}⊗2]∆̃β.

Hence by Lemmas A.8 and A.9,

sup
β∈B(D)

|βTFβ(X,Y|Θ̃, β̃)β − βTE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]β|

≤ sup
k=1,...,N(δ)

|βk
T

Fβ(X,Y|Θ̃, β̃)βk − (βk)TE[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}

−E{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]βk|

+2 sup
k=1,...,N(δ)

|βk
T

Fβ(X,Y|Θ̃, β̃)∆̃β − (βk)TE[E{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij}
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−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]∆̃β|

+ sup
∆̃β∈Dβ(D)

|∆̃
T

βFβ(X,Y|Θ̃, β̃)∆̃β|+ sup
∆̃β∈Dβ(D)

|∆̃
T

βE[E{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij

−E{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]∆̃β|

≤ 3δ2 +
160(dH2

+ d2S2
)a2c20√

mn
+ (2dH2

c20 + 2d2S2
c20)δ

2 + 2d2S2
c20δ

2

= (3 + 2dH2
c20 + 4d2S2

c20)D
2/ξ2 +

160(dH2
+ d2S2

)a2c20√
mn

= D5D
2/ξ2 +

160(dH2 + d2S2
)a2c20√

mn
(11)

with probability at least 1 − b3{exp(−b2D
2mn)}, where b2, b3 are constants not depending on D,

and

D5 = 3 + 2dH2
c20 + 4d2S2

c20.

The second to the last equality holds by Lemma A.8, A.9 and (9), (10) in Lemma A.9. Now note
for β ∈ C(γ) with ∥β∥∞ = b for a constant b ≤ a, we have

∥β∥22 ≥ bγ∥β∥1

√
log{max(p,mn)}

mn
≥ bγ∥β∥2

√
log{max(p,mn)}

mn
,

which implies ∥β∥2 ≥ bγ
√
log{max(p,mn)}/(mn). Define µ(b) = b2γ2log{max(p,mn)}/(mn). Fur-

ther let

α0β(Θ̃, β̃) = αmin(E[RijE{S2
2(Yij ,Xij |Θ̃, β̃)XijX

T
ij |Yij} −RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]),

α = α0β(Θ̃, β̃)ξ2/D5 and ξ ≥
√
D5/α0β so that α > 1. Define

Sl(b) = [β ∈ C(γ)|∥β∥∞ = b,√
αl−1µ(b) ≤ ∥β∥2 ≤

√
αlµ(b), and

∥β∥1 ≤ b−1αlµ(b)γ−1
√
mn/log{max(p,mn)}].

Then Sl(b) ⊆ B(
√

αlµ(b)) and {β : ∥β∥∞ = b} ∩ C(γ) ⊂ ∪∞
l=1Sl(b).

For β ∈ Sl(b), we have

α0β(Θ̃, β̃)∥β∥22 +
160(dH2 + d2S2

)a2c20√
mn

≥ α0β(Θ̃, β̃)αl−1µ(b) +
160(dH2 + d2S2

)a2c20√
mn

= α0βα
−1αlµ(b) +

160(dH2
+ d2S2

)a2c20√
mn

= D5α
lµ(b)/ξ2 +

160(dH2 + d2S2
)a2c20√

mn
.

Therefore,

Pr
{
|βTFβ(X,Y|Θ̃, β̃)β − βTE[RijE{S2

2(Yij ,Xij |Θ̃, β̃)XijX
T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]β|
≥ αmin(E[RijE{S2

2(Yij ,Xij |Θ̃, β̃)XijX
T
ij |Yij}

33



Jin, Ma and Jiang

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2])∥β∥22 +
160(dH2

+ d2S2
)a2c20√

mn
,β ∈ C(γ)

}
≤

∫ a

0

Pr
{
|βTFβ(X,Y|Θ̃, β̃)β − βTE[RijE{S2

2(Yij ,Xij |Θ̃, β̃)XijX
T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]β|
≥ αmin(E[RijE{S2

2(Yij ,Xij |Θ̃, β̃)XijX
T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2])∥β∥22 +
160(dH2 + d2S2

)a2c20√
mn

,β ∈ C(γ), ∥β∥∞ = b

}
db

≤
∫ a

0

∞∑
l=1

Pr
{
|βTFβ(X,Y|Θ̃, β̃)β − βTE[RijE{S2

2(Yij ,Xij |Θ̃, β̃)XijX
T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]β|
≥ αmin(E[RijE{S2

2(Yij ,Xij , Θ̃, β̃)XijX
T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2])∥β∥22 +
160(dH2

+ d2S2
)a2c20√

mn
,β ∈ Sl(b)

}
db

=

∞∑
l=1

Pr
{
|βTFβ(X,Y|Θ̃, β̃)β − βTE[RijE{S2

2(Yij ,Xij |Θ̃, β̃)XijX
T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)Xij |Yij}⊗2]β| ≥ D5α
lµ(b∗)/ξ2 +

160(dH2 + d2S2
)a2c20√

mn
,β ∈ Sl(b∗)

}
≤ b3

∞∑
l=1

[exp(−b2α
lµ(b∗)mn)]

≤ b3

∞∑
l=1

[exp(−b2lµ(b
∗)log(α)mn)]

≤ b3
exp(−b2log(α)µ(b

∗)mn)

1− exp(−b2log(α)µ(b∗)mn)

≤ exp[−Clog{max(p,mn)}],

where b∗ is a point on the line connecting 0 and a. The fourth line holds by (11) with D =√
αlµ(b∗), the fifth line holds because αl ≥ llog(α) for α > 1. The last equality holds because

µ(b∗) = b∗2γ2{max(p,mn)}/(mn). This proves the result.

Lemma A.11 Assume Conditions (C5) and (C6) hold, suppose ∆β = β̂ − β0, let Θ̃ = Θ̂ and

β̃ = β∗ a point connecting β̂ and β0, then there is a σ1F > 0 such that

∆T
βFβ(X,Y|Θ̂,β∗)∆β ≥ ∆T

βE{Fβ(X,Y|Θ̂,β∗)}∆β − σ1F

√
2log{max(p,mn)}/(mn),

with probability at least 1− 2max(p,mn)−1, where σ1F = 32c20a
2(dH2

+ d2S2
) as defined in Theorem

1 and E{Fβ(X,Y|Θ̂,β∗)} = E{Fβ(X,Y|Θ,β)}Θ=Θ̂,β=β∗ .

Proof: First note that for ∆β with ∥∆β∥∞ ≤ 2a, we have

|(∆β)
TRijH2(Yij ,Xij |Θ̂,β∗)XijX

T
ij)

T∆β|

≤ {∥∆β∥max∥Xij∥1}2H2(Yij ,Xij |Θ̂,β∗) ≤ 4c20a
2dH2

,

Similarly,

|∆T
βRijE{H2(Yij ,Xij |Θ̂,β∗)XijX

T
ij |Yij}∆β| ≤ 4c20a

2dH2
,

34



High Dimensional MNAR

|(∆β)
TRijE{S2

2(Yij ,Xij |Θ̂,β∗)XijX
T
ij)

T|Yij}(∆β)| ≤ 4c20a
2d2S2

, (12)

and

|(∆β)
TRijE{S2(Yij ,Xij |Θ̂,β∗)Xij |Yij}⊗2(∆β)| ≤ 4c20a

2d2S2
. (13)

Hence we have each summand in∆T
βFβ(X,Y|Θ̂,β∗)∆β−∆T

βE{Fβ(X,Y|Θ̂,β∗)}∆β is in the range
of {−16(c20a

2dH2
+ c20a

2d2S2
), 16(c20a

2dH2
+ c20a

2d2S2
)}, and in turn is sub-Gaussian with parameter

σ2
1F ≡ {32(c20a2dH2

+ c20a
2d2S2

)}2 by Lemma A.1. Here the expectation is taken over X and Y.
Therefore, by Lemma A.1, we have

Pr
{
|∆T

βFβ(X,Y|Θ̃, β̃)∆β −∆T
βE{Fβ(X,Y|Θ̃, β̃)}∆β| > t

}
= Pr

{
|mn∆T

βF (X,Y|Θ̃, β̃)∆β −mn∆T
βE{Fβ(X,Y|Θ̃, β̃)}∆β| > mnt

}
≤ 2 exp

{
− (mn)2t2

2mnσ2
1F

}
= 2 exp

(
−mnt2

2σ2
1F

)
.

Let t = σ1F

√
2log{max(p,mn)}/(mn), we obtain

Pr
{
|∆T

βFβ(X,Y|Θ̂,β∗)∆β −∆T
βE{Fβ(X,Y|Θ̂,β∗)}∆β| > σ1F

√
2log{max(p,mn)}/(mn)

}
≤ 2max(p,mn)−1.

Hence we have

∆T
βFβ(X,Y|Θ̂,β∗)∆β ≥ ∆T

βE{Fβ(X,Y|Θ̂,β∗)}∆β − σ1F

√
2log{max(p,mn)}/(mn),

with probability at least 1− 2max(p,mn)−1.

Lemma A.12 Assume Condition (C5) and (C6) hold, suppose ∆β = β̂−β0. Let λβ ≥ 2∥∂L(Θ̂,β0)/∂β∥op
and σ1F be as defined in Theorem 1. Then either

∥∆β∥2 ≤ {αmin(E[RijE{S2
2(Yij ,Xij |Θ̂,β∗)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̂,β∗)Xij |Yij}⊗2])}−1/2{2σ2
1F log{max(p,mn)}/(mn)}1/4,

or ∥∆β∥1 ≤ 4
√
s∥∆β∥2 with probability at least 1− 2{max(p,mn)}−1.

Proof. First consider ∆T
βE{Fβ(X,Y|Θ̂,β∗)}∆β ≤ σ1F

√
2log{max(p,mn)}/(mn). Because

E{Fβ(X,Y|Θ̂,β∗)} = E[RijE{S2
2(Yij ,Xij |Θ̂,β∗)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̂,β∗)Xij |Yij}⊗2],

we have

αmin(E[RijE{S2
2(Yij ,Xij |Θ̂,β∗)XijX

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̂,β∗)Xij |Yij}⊗2])∥∆β∥22 ≤ σ1F

√
2log{max(p,mn)}/(mn),

and hence

∥∆β∥2 ≤ {αmin(E[RijE{S2
2(Yij ,Xij |Θ̂,β∗)XijX

T
ij |Yij}
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−RijE{S2(Yij ,Xij |Θ̂,β∗)Xij |Yij}⊗2])}−1/2σ
1/2
1F {2log{max(p,mn)}/(mn)}1/4.

Now consider ∆T
βE{Fβ(X,Y|Θ̂,β∗)}∆β > σ1F

√
2log{max(p,mn)}/(mn). We have

0 < ∆T
βFβ(X,Y|Θ̂,β∗)∆β/2 = −∂L(Θ̂,β0)

∂βT
∆β + λβ∥β0∥1 − λβ∥β̂∥1 (14)

with probability at least 1 − 2max(p,mn)−1. Let S be the set of indices that β0j ̸= 0, and vS be
the sub-vector of v with the elements j ∈ S. Then we have

∥β0 +∆β∥1 + ∥∆βS∥1 ≥ ∥β0 +∆β −∆βS∥1
= ∥β0 +∆βSc∥1
= ∥β0S∥1 + ∥∆βSc∥1.

Hence

∥β0 +∆β∥1 − ∥β0∥1 ≥ {∥β0∥1 − ∥∆βS∥1}+ ∥∆βSc∥1 − ∥β0∥1
= ∥∆βSc∥1 − ∥∆βS∥1. (15)

Combine with (14), we have

0 ≤ −∂L(Θ̂,β0)

∂βT
∆β + λβ(∥∆βS∥1 − ∥∆βSc∥1)

≤ ∥∂L(Θ̂,β0)

∂βT
∥op(∥∆βS∥1 + ∥∆βSc∥1) + λβ(∥∆βS∥1 − ∥∆βSc∥1)

≤ λβ/2(∥∆βS∥1 + ∥∆βSc∥1) + λβ(∥∆βS∥1 − ∥∆βSc∥1)
= 3λβ/2∥∆βS∥1 − λβ/2∥∆βSc∥1

which implies ∥∆βSc∥1 ≤ 3∥∆βS∥1 and in turn ∥∆β∥1 ≤ 4∥∆βS∥1 ≤ 4
√
s∥∆β∥2 with probability

at least 1− 2p−1. This proves the result.

D. Proof of Theorem 1

First, we note that from λβ ≥ 2
√

ωlog{max(p,mn)}/(mn) + 2(mn)−1dEX + 4adW(mn)−1 in the
theorem statement and Lemma A.5 and A.6, we obtain that

∥∂L(Θ̂,β0)

∂βT
∥∞ ≤ λβ

2

with probability at least 1− 2{max(p,mn)}−1. Further, because ∥A∥op ≤ ∥A∥∞ for any matrix A,
we get

∥∂L(Θ̂,β0)

∂βT
∥op ≤

λβ

2
.

When ∆T
βE{Fβ(X,Y)}∆β ≤ σ1F

√
2log{max(p,mn)}/(mn), from the proof of Lemma A.12,

we know

∥∆β∥2 ≤ (4α0β)
−1/2{2σ2

1F log{max(p,mn)}/(mn)}1/4.
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We discuss two cases when ∆T
βE{Fβ(X,Y)}∆β ≥ σ1F

√
2log{max(p,mn)}/(mn). Case I:

∆β ̸∈ C(γ). Then

∥∆β∥22 ≤ ∥∆β∥∞∥∆β∥1γ
√

log{max(p,mn)}
mn

≤ 8a
√
s∥∆β∥2γ

√
log{max(p,mn)}

mn

with probability at least 1−2max(p,mn)−1, which implies ∥∆β∥2 ≤ 8a
√
sγ
√
log{max(p,mn)}/(mn)

with probability at least 1− 2max(p,mn)−1.

Case II: β̂−β0 ∈ C(γ). Because Θ̂, β̂ is the minimizer of L(Θ,β)+λΘ∥Θ∥∗+λβ∥β∥1, we have

L(Θ̂, β̂)− L(Θ̂,β0) =
∂L(Θ̂,β0)

∂βT
∆β +

1

2
(β̂ − β0)

T ∂L(Θ̂,β∗)

∂β∂βT
(β̂ − β0)

and

∆T
βFβ(X,Y|Θ̂,β∗)∆β/2 = (β̂ − β0)

T ∂2L(Θ̂,β∗)

∂β∂βT
(β̂ − β∗)/2

= L(Θ̂, β̂)− L(Θ̂,β0)−
∂L(Θ̂,β0)

∂βT
∆β

≤ −∂L(Θ̂,β0)

∂βT
∆β + λβ∥β0∥1 − λβ∥β̂∥1

≤ ∥∂L(Θ̂,β0)

∂βT
∥∞∥∆β∥1 + λβ∥β0∥1 − λβ∥β̂∥1

≤ λβ/2∥∆β∥1 + λβ∥β0 − β̂∥1
≤ 6λβ

√
s∥∆β∥2 (16)

with probability at least 1 − 2max(p,mn)−1 − 2(mn)−1. The first inequality holds by the second

order mean value theorem for L(Θ̂,β) on β. The third inequality holds by the fact that λβ ≥
2
√

ωlog{max(p,mn)}/(mn) + 2(mn)−1dEX + 4adW(mn)−1 in the theorem statement and Lemma
A.5 and A.6, and triangular inequality. In the last inequality, we used Lemma A.12. Further, by
Lemma A.10, with probability at least 1− exp{−Clog{max(p,mn)}},

|∆T
β/2Fβ(X,Y|Θ̂,β∗)∆β/2−∆T

β/2E{Fβ(X,Y|Θ̂,β∗)}∆β/2|
≤ 2α0β∥∆β/2∥22 + 160(dH2

+ d2S2
)a2c20/

√
mn,

so

∆T
β/2Fβ(X,Y|Θ̂,β∗)∆β/2−∆T

β/2E{Fβ(X,Y|Θ̂,β∗)}∆β/2

≥ −2α0β∥∆β/2∥22 − 160(dH2 + d2S2
)a2c20/

√
mn.

Thus,

∆T
β/2Fβ(X,Y|Θ̂,β∗)∆β/2

≥ αmin(E[RijE{S2
2(Yij ,Xij |Θ̂,β∗)XijX

T
ij |Yij} −RijE{S2(Yij ,Xij |Θ̂,β∗)Xij |Yij}⊗2])∥∆β/2∥22

−2−1α0β∥∆β∥22 − 160(dH2
+ d2S2

)a2c20/
√
mn

= 2−1α0β∥∆β∥22 − 160(dH2
+ d2S2

)a2c20/
√
mn

with probability at least 1− exp{−Clog{max(p,mn)}}, which implies

∆T
βFβ(X,Y|Θ̂,β∗)∆β/2 ≥ α0β∥∆β∥22 − 320(dH2 + d2S2

)a2c20/
√
mn,
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with probability at least 1− exp{−Clog{max(p,mn)}}. Combining with (16), we have

α0β∥∆β∥22 ≤ 6λβ

√
s∥∆β∥2 + 320(dH2 + d2S2

)a2c20/(
√
mn)

with probability at least 1− 2max(p,mn)−1 − 2(mn)−1 − exp{−Clog{max(p,mn)}}. Then

∥∆β∥22 − 6λβ

√
s∥∆β∥2/α0β ≤ 320(dH2 + d2S2

)a2c20/(α0β

√
mn).

This leads to

(∥∆β∥22 − 3λβ

√
s/α0β)

2 ≤ 320(dH2 + d2S2
)a2c20/(α0β

√
mn) + (3λβ

√
s/α0β)

2,

Hence

∥∆β∥2 ≤ {320(dH2 + d2S2
)a2c20/(α0β

√
mn) + (3λβ

√
s/α0β)

2}1/2 + 3λβ

√
s/α0β,

with probability at least 1− 2max(p,mn)−1 − 2(mn)−1 − exp{−Clog(max(p,mn))}. Combine with
the order in Case I and before Case I, we have

∥∆β∥2
≤ max

(
{320(dH2

+ d2S2
)a2c20/(α0β

√
mn) + (3λβ

√
s/α0β)

2}1/2 + 3λβ

√
s/α0β, 8a

√
sγ
√

log{max(p,mn)}/(mn),

(4α0β)
−1/2{2σ2

1F log{max(p,mn)}/(mn)}1/4
)

with probability at least 1− 4max(p,mn)−1 − 2(mn)−1 − 2 exp{−Clog{max(p,mn)}}. This proves
the result.

E. Lemmas for Theorem 2

Let ρ(ν,D) ≡ D2/{ν
√
dlog(d)/(mn)} = D2/{ν

√
log(d)/d}. Define sets

CΘ(ν) ≡
{
0 ̸= Θ ∈ Rm×n| ∥Θ∥max

∥Θ∥F
∥Θ∥∗
∥Θ∥F

≤ 1

ν

√
mn

dlog(d)

}

=

{
0 ̸= Θ ∈ Rm×n| ∥Θ∥max

∥Θ∥F
∥Θ∥∗
∥Θ∥F

≤ 1

ν

√
d

log(d)

}
,

BΘ(D) ≡ {Θ ∈ CΘ(ν)|∥Θ∥max = a, ∥Θ∥F ≤ D, ∥Θ∥∗ ≤ ρ(ν,D)} ,
B̄Θ(D) ≡ {Θ ∈ CΘ(ν)|∥Θ∥max ≤ a, ∥Θ∥F ≤ D, ∥Θ∥∗ ≤ ρ(ν,D)} .

Let Θ1, . . . ,ΘNΘ(δ) be a δ-covering of B̄Θ(D) in Frobenius norm. By definition, given an arbitrary
Θ ∈ B̄Θ(D), there is some index k ∈ {1, . . . , NΘ(δ)} and a difference matrix ∆Θ with ∥∆Θ∥F ≤ δ
such that Θ = Θk +∆Θ.

Lemma A.13 Assume Conditions (C1) and (C6) hold. Then there is a positive constant cd such
that for sufficiently large n,m, d,

Pr

(
∥∂L(Θ0,β0)

∂Θ
∥op ≥ cd

√
dlog(d)/(mn)

)
< d−1,

or equivalently,

Pr

(
∥∂L(Θ0,β0)

∂Θ
∥op ≥ cd

√
log(d)/d

)
< d−1.
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Proof: First note that

∂L(Θ0,β0)

∂Θ

= −(mn)−1
n∑
i=1

m∑
j=1

Rij

[{
f2(Yij ,Θ0ij + βT

0 Xij)

f(Yij ,Θ0ij + βT
0 Xij)

−
∫
f2(Yij ,Θ0ij + βTX)g(X)dX∫
f(Yij ,Θ0ij + βT

0 X)g(X)dX

}
eie

T
j

]

= (mn)−1
n∑
i=1

m∑
j=1

Rij [S2(Yij ,Xij |Θ0,β0)− E{S2(Yij ,Xij |Θ0,β0)|Yij}]eieTj .

Let Wij = Rij [S2(Yij ,Xij |Θ0,β0) − E{S2(Yij ,Xij |Θ0,β0)|Yij}]eieTj /(mn). Then Wij is a mean

zero random matrix with ∥Wij∥op ≤
√

∥Wij∥1∥Wij∥∞ ≤ 2dS2
/(mn) by Condition (C6). Further

∥E(WijWijT)∥op
= ∥E

(
Rij [S2(Yij ,Xij |Θ0,β0)− E{S2(Yij ,Xij |Θ0,β0)|Yij}]2eieTi /(mn)2

)
∥op

≤ ∥4d2S2
/(mn)2eie

T
i ∥op

= 4d2S2
/(mn)2.

Similarly,

∥E(WijTWij)∥op ≤ 4d2S2
/(mn)2.

Hence
σ2
W ≡ mnmax(∥E(WijTWij)∥op, ∥E(WijWijT)∥op) ≤ 4d2S2

/(mn).

Therefore, by Lemma A.3 we have

Pr(∥∂L(Θ0,β0)

∂Θ
∥op ≥ t)

≤ Pr(∥
n∑
i=1

m∑
j=1

Wij∥op ≥ t)

≤ mnmax
(
exp[−t2/{16d2S2

/(mn)}], exp[−t/{4dS2/(mn)}]
)
.

Now let t = cd
√

dlog(d)/(mn) for cd = 4dS2
. Then we have

Pr(∥∂L(Θ0,β0)

∂Θ
∥op ≥ t)

≤ mnmax
(
exp[−c2ddlog(d)/(mn)/{16d2S2

/(mn)}], exp[−cd
√
dlog(d)/(mn)/{4dS2

/(mn)}]
)

≤ mnmax
(
exp{−dlog(d)}, exp{−mn

√
dlog(d)mn}

)
= exp{−dlog(d) + log(mn)}
≤ d−1

for d,m, n → ∞.

Lemma A.14 Assume Conditions (C1)–(C6) hold. Let

λβ ≥ 2
√
ωlog{max(p,mn)}/mn+ 2(mn)−1dEX + 4adW(mn)−1.

Then
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∥∂L(Θ0, β̂)

∂Θ
− ∂L(Θ0,β0)

∂Θ
∥op

≤ (2dH2
+ 2d2S2

)max
(
[320(dH2

+ d2S2
)a2c20/(α0β

√
mn) + {3λβ

√
s/α0β}2]1/2

+3λβ

√
s/α0β, 8a

√
sγ
√
log{max(p,mn)}/(mn), (4α0β)

−1/2{2σ2
1F log{max(p,mn)}/(mn)}1/4

)
Proof: First note that

∥∂L(Θ0, β̂)

∂Θ
− ∂L(Θ0,β0)

∂Θ
∥op

= ∥∂
2L(Θ0,β

∗)

∂Θ∂βT
(β̂ − β0)∥op

= ∥(mn)−1
n∑
i=1

m∑
j=1

Rij (H2(Yij ,Xij |Θ0,β
∗)− E{H2(Yij ,Xij |Θ0,β

∗)|Yij}

+E
{
S2(Yij ,Xij |Θ0,β

∗)⊗2|Yij
}
− [E{S2(Yij ,Xij |Θ0,β

∗)|Yij}]⊗2
)
eie

T
j {XT

ij(β̂ − β0)}∥op

≤ (mn)−1
n∑
i=1

m∑
j=1

∥Rij (H2(Yij ,Xij |Θ0,β
∗)− E{H2(Yij ,Xij |Θ0,β

∗)|Yij}

+E
{
S2(Yij ,Xij |Θ0,β

∗)⊗2|Yij
}
− [E{S2(Yij ,Xij |Θ0,β

∗)|Yij}]⊗2
)
eie

T
j ∥opmax

ij
|XT

ij(β̂ − β0)|

≤ (mn)−1
n∑
i=1

m∑
j=1

∥(2dH2
+ 2d2S2

)eie
T
j ∥opmax

ij
|XT

ij(β̂ − β0)|

= (2dH2
+ 2d2S2

)max
(
[320(dH2

+ d2S2
)a2c20/(α0β

√
mn) + {3λβ

√
s/α0β}2]1/2

+3λβ

√
s/α0β, 8a

√
sγ
√
log{max(p,mn)}/(mn), (4α0β)

−1/2{2σ2
1F log{max(p,mn)}/(mn)}1/4

)
,

where β∗ is on the line in between β̂ and β0. The last inequality holds by Condition (C5) and
Theorem 1. This proves the result.

Lemma A.15 The δ-covering number of B̄Θ(δ) satisfies

logNΘ(δ) ≤ 144ρ(ν,D)2

δ2
max(n,m).

Proof: First using the same arguments as those lead to (39) in Negahban and Wainwright (2012),
we have √

logNΘ(δ) ≤ 3ρ(ν,D)

δ
E(∥G∥2),

whereG is a random matrix containing independent identically distribution standard normal entries.
Further,

E(∥G∥2) ≤ 4max(
√
n,

√
m)

by the results in Section 3.1 in Bandeira et al. (2016). We have

logNΘ(δ) ≤ 144ρ(ν,D)2

δ2
max(n,m).

This proves the result.
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Lemma A.16 Assume Conditions (C1), (C5), (C6). Let δ = D/ξ. Let Θl ∈ B̄Θ(D), and bl, l =
1, . . . NΘ(δ) be δ-covering of B̄Θ(D) in Frobenius norm. Assume

mnδ4

128(dH2
+ d2S2

)2a2D2
≥ 2

144ρ(ν,D)2

δ2
max(n,m).

Recall that

vec(A)TFΘ(X,Y|Θ̃, β̃)vec(B)

= (mn)−1

 n∑
i=1

m∑
j=1

vec(A)TRij [H2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)
T

−E{H2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)
T|Yij}

+E{S2
2(Yij ,Xij , Θ̃, β̃)vec(zij)vec(zij)

T|Yij} − E{S2(Yij ,Xij |Θ̃, β̃)vec(zij)|Yij}⊗2]vec(B)

)
.

Then there are positive constants cd2, cd3 such that

Pr

(
sup

k=1,...,N(δ)

∣∣∣∣vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θk)

−vec(Θk)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ̃, β̃)zijz

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)zij |Yij}⊗2]vec(Θk)

∣∣∣∣ ≥ δ2 +
32(dH2

+ d2S2
)a2

√
mn

)
≤ 4 exp

(
−cd2D

2mn
)
,

Pr

(
sup

k=1,...,N(δ)

|vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θ−Θk)

−vec(Θk)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ̃, β̃)zijz

T
ij |Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)zij |Yij}⊗2]vec(Θ−Θk)| ≥ δ2 +
64(dH2

+ d2S2
)a2

√
mn

)
≤ 4 exp

(
−cd3D

2mn
)
.

Proof: First we have

|vec(Θ)k
T

Rij [H2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)
T − E{H2(Yij ,X|Θ̃, β̃)vec(zij)vec(zij)

T|Yij}
+E{S2

2(Yij ,X|Θ̃, β̃)vec(zij)vec(zij)
T|Yij} − E{S2(Yij ,X|Θ̃, β̃)vec(zij)|Yij}⊗2]vec(Θ)k|

≤ {2dH2
∥Θk∥F ∥vec(zij)∥2∥Θk∥max∥vec(zij)∥1

+2d2S2
∥Θk∥F ∥vec(zij)∥2∥Θk∥max∥vec(zij)∥1}

= 2(dH2
+ d2S2

)aD

and

|vec(Θ)k
T

Rij [H2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)
T − E{H2(Yij ,X|Θ̃, β̃)vec(zij)vec(zij)

T|Yij}
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+E{S2
2(Yij ,X|Θ̃, β̃)vec(zij)vec(zij)

T|Yij} − E{S2(Yij ,X|Θ̃, β̃)vec(zij)|Yij}⊗2]vec(Θ)k|
≤ {2dH2∥Θ

k∥max∥vec(zij)∥1∥Θk∥max∥vec(zij)∥1
+2d2S2

∥Θk∥max∥vec(zij)∥1∥Θk∥max∥vec(zij)∥1}
= 2(dH2 + d2S2

)a2.

by Condition (C6). We now use Lemma A.2, where we treat each summand in vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θk)
as Yi in Lemma A.2, and set (ui, vi) = {−2(dH2

+d2S2
)aD, 2(dH2

+d2S2
)aD} and (u1i, v1i) = {−2(dH2

+
d2S2

)a2, 2(dH2 + d2S2
)a2}. Consider T that contains only one vector t, where t is the mn dimensional

vector with element (mn)−1. Then Z in Lemma A.2 is vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θk) and the σ in
Lemma A.2 (7) is σ = [

∑n
i=1

∑m
j=1(mn)−2{4(dH2+d2S2

)aD}2]1/2 = 4(dH2+d2S2
)aD/

√
mn = O(1) by

Condition (C6). Further, the σ in Lemma A.2 (8) is σ1 = [
∑n
i=1

∑m
j=1(mn)−2{4(dH2

+d2S2
)a2}2]1/2 =

4(dH2 + d2S2
)a2/

√
mn. Hence let mF be the median of vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θk), we have

Pr

(
|vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θk)− vec(Θk)TE{FΘ(X,Y|Θ̃, β̃)}vec(Θk)| ≥ δ2 +

32(dH2 + d2S2
)a2

√
mn

)
≤ Pr

(
|vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θk)−mF }|+ |vec(Θk)TE{FΘ(X,Y|Θ̃, β̃)}vec(Θk)−mF }| ≥ δ2

+
32(dH2 + d2S2

)a2
√
mn

)
≤ Pr

(
|vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θk)−mF }| ≥ δ2 +

32(dH2 + d2S2
)a2

√
mn

−
16

√
π(dH2 + d2S2

)a2
√
mn

)
≤ Pr

(
|vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θk)−mF | ≥ δ2

)
≤ 4 exp

{
−mnδ4

64(dH2
+ d2S2

)2a2D2

}
.

Now for Θk ∈ B̄(D), k = 1, . . . , NΘ(δ), we have

Pr

{
sup

k=1,...,N(δ)

|vec(Θk)TFΘ(Θk,X,Y|Θ̃, β̃)vec(Θk)

−(mn)−1
n∑
i=1

m∑
j=1

vec(Θ)k
T

E[RijE{S2
2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)vec(zij)|Yij}⊗2]vec(Θk)| ≥ δ2 +
32(dH2 + d2S2

)a2
√
mn

}
≤ 4 exp

{
−mnδ4

64(dH2
+ d2S2

)2a2D2
+ log{NΘ(δ)}

}
≤ 4 exp

{
−mnδ4

64(dH2
+ d2S2

)2a2D2
+

144ρ(ν,D)2

δ2
max(n,m)

}
.

Now recall δ = D/ξ, and

mnδ4

64(dH2
+ d2S2

)2a2D2
≥ 2

144ρ(ν,D)2

δ2
max(n,m).

Thus we have

Pr

{
sup

k=1,...,NΘ(δ)

|vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θk)
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−vec(Θk)T(mn)−1
n∑
i=1

m∑
j=1

E{RijE{S2
2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)vec(zij)|Yij}⊗2}vec(Θ)k| ≥ δ2 +
32(dH2

+ d2S2
)a2

√
mn

}
≤ 4 exp

(
−cd2D

2mn
)
,

where cd2 = 1/{128a2ξ4(dH2
+ d2S2

)2}. Using the similar argument we can show that there is a
cd3 > 0 such that

Pr

{
sup

k=1,...,NΘ(δ)

|vec(Θk)TFΘ(X,Y|Θ̃, β̃)vec(Θ−Θk)

−(vecΘk)T(mn)−1
n∑
i=1

m∑
j=1

E{RijE{S2
2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ̃, β̃)vec(zij)|Yij}⊗2}vec(Θ−Θk)| ≥ δ2 +
64(dH2

+ d2S2
)a2

√
mn

}
≤ 4 exp

(
−cd3D

2mn
)
.

with cd3 = 1/{256a2ξ4(dH2
+ d2S2

)2}. This proves the result.
Define

Qij ≡ |H2(Yij ,Xij |Θ̃, β̃)− E{H2(Yij ,Xij |Θ̃, β̃)|Yij}
+E{S2

2(Yij ,Xij |Θ̃, β̃)|Yij} − E{S2(Yij ,Xij |Θ̃, β̃)|Yij}2|, (17)

and by Condition (C6), we have |Qij | ≤ 2(dH2 + d2S2
).

Lemma A.17 Define

D(D) = {∆Θ ∈ Rn×m|∥∆Θ∥F ≤ δ, ∥∆Θ∥∗ ≤ 2ρ(ν,D), and ∥∆Θ∥max ≤ 2a}.

The δ-covering number of D(D) satisfies

logND(δ) ≤
576ρ(ν,D)2

δ2
max(n,m).

Proof: Because D(D) ⊂ D̃(D) ≡ {∆Θ ∈ Rn×m|∥∆Θ∥∗ ≤ 2ρ(ν,D)}. Then δ-covering number of

D̃(D) defined by ND̃(δ) satisfies ND(δ) ≤ ND̃(δ). Using the same arguments as those lead to (39)
in Negahban and Wainwright (2012), we have√

logND̃(δ) ≤
6ρ(ν,D)

δ
E(∥G∥2),

whereG is a random matrix containing independent identically distribution standard normal entries.
Further,

E(∥G∥2) ≤ 4max(
√
n,

√
m)

by the results in Section 3.1 in Bandeira et al. (2016). We have

logND(δ) ≤ logND̃(δ) ≤
576ρ(ν,D)2

δ2
max(n,m).

This proves the result.
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Lemma A.18 Assume Conditions (C4), (C5) and (C6) hold. Define

D(D) = {∆Θ ∈ Rn×m|∥∆Θ∥F ≤ δ, ∥∆Θ∥∗ ≤ 2ρ(ν,D), and∥∆Θ∥max ≤ 2a},

and let δ = D/ξ. Assume ν satisfies

mnδ4

256(dH2
+ d2S2

)2a2δ2
≥ 2

576ρ(ν,D)2

δ2
max(n,m).

Further, let FΘ(X,Y|Θ̃, β̃) be as defined in Lemma A.16. Then

Pr

{
sup

∆Θ∈D(D)

|vec(∆Θ)TFΘ( X,Y|Θ̃, β̃)vec(∆Θ)− vec(∆Θ)TE{FΘ(X,Y|Θ̃, β̃)}vec(∆Θ)| > D2/ξ2

+
114(dH2

+ d2S2
)a2

√
mn

}
≤ 4 exp

(
−mnD2

512(dH2
+ d2S2

)2a2ξ2

)
.

Proof: First note that for ∆Θ ∈ D(D) we have

|vec(∆Θ)TRijH2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)
Tvec(∆Θ)|

≤ {∥∆Θ∥max∥vec(zij)∥1}2|H2(Yij ,Xij , Θ̃, β̃)| ≤ 4a2dH2
.

Similarly,

|vec(∆Θ)
TRijE{H2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)

T|Yij}vec(∆Θ)| ≤ 4a2dH2
,

|vec(∆Θ)TRijE{S2
2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)

T|Yij}vec(∆Θ)| ≤ 4a2d2S2
,

|vec(∆Θ)TRijE{S2(Yij ,Xij |Θ̃, β̃)zij |Yij}⊗2vec(∆Θ)| ≤ 4a2d2S2
.

Also we have

|vec(∆Θ)TRijH2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)
Tvec(∆Θ)|

≤ {∥∆Θ∥max∥vec(zij)∥1}{∥∆Θ∥F ∥zij∥F }|H2(Yij ,Xij ,Θ,β∗)| ≤ 2aδdH2
.

Similarly,

|vec(∆Θ)
TRijE{H2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)

T|Yij}vec(∆Θ)| ≤ 2aδdH2
,

|vec(∆Θ)TRijE{S2
2(Yij ,Xij |Θ̃, β̃)vec(zij)vec(zij)

T|Yij}vec(∆Θ)| ≤ 2aδd2S2
,

|vec(∆Θ)TRijE{S2(Yij ,Xij |Θ̃, β̃)zij |Yij}⊗2vec(∆Θ)| ≤ 2aδd2S2
.

Hence each summand in vec(∆Θ)TFΘ(X,Y|Θ̃, β̃)vec(∆Θ) is in the range of [−8a2(dH2
+d2S2

), 8a2(dH2
+

d2S2
)], and also in the range of [−4aδ(dH2

+ d2S2
), 4aδ(dH2

+ d2S2
)]. Define σd ≡ 8aδ(dH2

+ d2S2
) be

the σ in Lemma A.2 (7) and σ1d ≡ 16a2(dH2
+ d2S2

) be the σ in Lemma A.2 (8). By Lemma A.2,

let mF be the median of vec(∆Θ)TFΘ(X,Y|Θ̃, β̃)vec(∆Θ), we have

Pr
(
|vec(∆Θ)TFΘ(X,Y|Θ̃, β̃)vec(∆Θ)− vec(∆Θ)TE{FΘ(X,Y|Θ̃, β̃)}vec(∆Θ)| ≥

δ2 +
114(dH2 + d2S2

)a2
√
mn

)
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≤ Pr
(
|vec(∆Θ)TFΘ(X,Y|Θ̃, β̃)vec(∆Θ)−mF }|+ |vec(∆Θ)TE{FΘ(X,Y|Θ̃, β̃)}vec(∆Θ)−mF }| ≥

δ2 +
114(dH2

+ d2S2
)a2

√
mn

)
≤ Pr

(
|vec(∆Θ)TFΘ(X,Y|Θ̃, β̃)vec(∆Θ)−mF }| ≥ δ2

+
114(dH2

+ d2S2
)a2

√
mn

−
64
√
π(dH2

+ d2S2
)a2

√
mn

)
≤ Pr

(√
mn|vec(∆Θ)TFΘ(X,Y|Θ̃, β̃)vec(∆Θ)−mF | ≥

√
mnδ2

)
≤ 4 exp

{
−mnδ4

256(dH2
+ d2S2

)2a2δ2

}
.

Therefore combine Lemma A.17,

Pr

{
sup

∆Θ∈D(D)

|vec(∆Θ)TFΘ(X,Y|Θ̃, β̃)vec(∆Θ)− vec(∆Θ)TE{FΘ(X,Y|Θ̃, β̃)}vec(∆Θ)| > δ2

+
114(dH2

+ d2S2
)a2

√
mn

}
≤ 4 exp

(
−mnδ4

256(dH2
+ d2S2

)2a2δ2
+ log{ND(δ)}

)
≤ 4 exp

(
−mnδ4

256(dH2
+ d2S2

)2a2δ2
+

576ρ(ν,D)2

δ2
max(n,m)

)
.

Now because δ = D/ξ and

mnδ4

256(dH2
+ d2S2

)2a2δ2
≥ 2

576ρ(ν,D)2

δ2
max(n,m).

Therefore,

Pr

{
sup

∆Θ∈D(D)

|vec(∆Θ)TFΘ(X,Y|Θ̃, β̃)vec(∆Θ)− vec(∆Θ)TE{FΘ(X,Y|Θ̃, β̃)}vec(∆Θ)| > D2/ξ2

+
114(dH2

+ d2S2
)a2

√
mn

}
≤ 4 exp

(
−mnD2

512(dH2
+ d2S2

)2a2ξ2

)
.

This proves the result.

Lemma A.19 Assume Conditions (C1)–(C5) hold. Let δ = D/ξ. Then we have

Pr

|vec(Θ)TFΘ(X,Y|Θ∗, β̂)vec(Θ)− vec(Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θ)|

≥ αmin

(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}
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−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]
)
/2∥Θ∥2F +

274(dH2
+ d2S2

)a2
√
mn

,Θ ∈ CΘ(ν)

}
= exp{−Cdlog(d)}

for some positive constant C, where the expectations are taken over X,Y.

Proof: For any Θ ∈ B̄Θ(D), for any k ∈ {1, . . . , N(δ)}, let ∆̃Θ = Θ −Θk, then ∆̃Θ ∈ D(D). In
addition,

vec(Θ)TFΘ(X,Y|Θ∗, β̂)vec(Θ)− vec(Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θ)

= Fβ(Θ
k + ∆̃Θ,Θk + ∆̃Θ,X,Y|Θ∗, β̂)

−vec(Θk + ∆̃Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θk + ∆̃Θ)

= vec(Θk)TFΘ(X,Y|Θ∗, β̂)vec(Θk)− vec(Θk)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θk)

+2vec(Θk)TFΘ(X,Y|Θ∗, β̂)∆̃Θ − 2vec(Θk)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ̂,β∗)vec(zij)|Yij}⊗2]vec(∆̃Θ)

+vec(∆̃Θ)TFΘ(X,Y|Θ∗, β̂)∆̃Θ − vec(∆̃Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(∆̃Θ).

Hence by Lemmas A.16 and A.18, while replacing Θ̃ by Θ∗ and β̃ by β̂, there are constants bd3
such that

sup
Θ∈BΘ(D)

|vec(Θ)TFΘ(X,Y|Θ∗, β̂)vec(Θ) (18)

−vec(Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θ)|
≤ sup

Θ∈B̄Θ(D)

|vec(Θ)TFΘ(X,Y|Θ∗, β̂)vec(Θ) (19)

−vec(Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θ)|
≤ sup

k=1,...,NΘ(δ)

|vec(Θk)TFΘ(X,Y|Θ∗, β̂)Θk (20)

−vec(Θk)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}
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−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θk)|
+2 sup

k=1,...,NΘ(δ)

|vec(Θk)TFΘ(X,Y|Θ∗, β̂)∆̃Θ (21)

−vec(Θk)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ, β̂)vec(zij)|Yij}⊗2]vec(∆̃Θ)|
+ sup

∆̃Θ∈D(D)

|vec(∆̃Θ)TFΘ(X,Y|Θ∗, β̂)vec(∆̃Θ) (22)

−vec(∆̃Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(∆̃Θ)|

≤ 4D2/ξ2 +
274(dH2

+ d2S2
)a2

√
mn

(23)

with probability at least 1 − 12{exp(−bd3D
2mn)}. The last inequality holds by Lemma A.16 and

A.18. Denote

α0 ≡ αmin

(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]
)
,

We choose ξ >
√

8/α0 and define α = ξ2α0/8, then α > 1.
Now note for Θ ∈ CΘ(ν) with ∥Θ∥max = b for a constant b, we have

∥Θ∥2F ≥ bν∥Θ∥∗

√
log(d)

d
≥ bν∥Θ∥F

√
log(d)

d
,

which implies ∥Θ∥F ≥ bν
√

log(d)/d. Define µ(b) = b2ν2log(d)/d. Moreover, we define

Sl(b) ≡ {Θ ∈ CΘ(ν)|∥Θ∥max = b,
√

αl−1µ(b) ≤ ∥Θ∥F ≤
√
αlµ(b), ∥Θ∥∗ ≤ ρ(ν,

√
αlµ(b))},

then Sl(b) ⊂ B̄Θ(
√

αlµ(b)). For Θ ∈ Sl Dd7 = 274(dH2 + d2S2
)a2, we have

(α0/2)∥Θ∥2F +
Dd7√
mn

≥ (α0/2)α
l−1µ(b) +

Dd7√
mn

=
4αlµ(b)

ξ2
+

Dd7√
mn

.

Therefore,

Pr

{
|vec(Θ)TFΘ(X,Y|Θ∗, β̂)vec(Θ)

−vec(Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θ)|
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≥ (α0/2)∥Θ∥2F +
Dd7√
mn

,Θ ∈ CΘ(ν)

}
≤

∫ a

0

Pr

{
|vec(Θ)TFΘ(X,Y|Θ∗, β̂)vec(Θ)

−vec(Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θ)|

≥ (α0/2)∥Θ∥2F +
Dd7√
mn

,Θ ∈ CΘ(ν), ∥Θ∥max = b

}
db

≤
∫ a

0

∞∑
l=1

Pr

{
|vec(Θ)TFΘ(X,Y|Θ∗, β̂)vec(Θ)

−vec(Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θ)|

≥ (α0/2)∥Θ∥2F +
Dd7√
mn

,Θ ∈ Sl(b)
}
db

=

∞∑
l=1

Pr

{
|vec(Θ)TFΘ(X,Y|Θ∗, β̂)vec(Θ)

−vec(Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θ)|

≥ (α0/2)∥Θ∥2F +
Dd7√
mn

,Θ ∈ Sl(b∗)
}

≤
∞∑
l=1

Pr

{
|vec(Θ)TFΘ(X,Y|Θ∗, β̂)vec(Θ)

−vec(Θ)T(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]vec(Θ)| ≥ 4αlµ(b∗)/ξ2 +
Dd7√
mn

,Θ ∈ Sl(b∗)
}

≤ 12

∞∑
l=1

exp(−bd3µ(b
∗)αlmn)

≤ 12

∞∑
l=1

exp{−bd3llog(α)µ(b
∗)mn}

≤ 12
exp{−bd3log(α)mnµ(b∗)}

1− exp{−bd3log(α)mnµ(b∗)}
≤ exp{−Cdlog(d)},

for some positive constant C, where b∗ is a point on the line connecting 0 and a. The third inequality
holds by (18), the fourth inequality holds because αl ≥ llog(α) > 0 for α > 1. This proves the result.
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Lemma A.20 Assume Conditions (C5) and (C6) hold, and select λΘ ≥ 2∥∂L(Θ0, β̂)/∂Θ∥op. If

vec(∆Θ)TE{FΘ(X,Y|Θ∗, β̂)}vec(∆Θ) ≤ σdF
√

2dlog(d)/(mn),

then

∥∆Θ∥F ≤ αmin

(mn)−1
n∑
i=1

m∑
j=1

E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}

−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2]
)−1/2

{2σ2
dF dlog(d)/(mn)}1/4.

Otherwise

∥∆Θ∥∗ ≤ 8
√
r∥∆Θ∥F

with probability at least 1− 2 exp{−dlog(d)}, where σdF = 32a2(dH2 +d2S2
) as defined in Theorem 2.

Proof: First as shown in Lemma A.18 that for ∆Θ ∈ D(D) we have

|vec(∆Θ)TRijH2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)
Tvec(∆Θ)|

≤ {∥∆Θ∥max∥vec(zij)∥1}2|H2(Yij ,Xij |Θ∗, β̂)| ≤ 4a2dH2 .

Similarly,

|vec(∆Θ)
TRijE{H2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}vec(∆Θ)| ≤ 4a2dH2 ,

|vec(∆Θ)TRijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}vec(∆Θ)| ≤ 4a2d2S2
,

|vec(∆Θ)TRijE{S2(Yij ,Xij |Θ∗, β̂)zij |Yij}⊗2vec(∆Θ)| ≤ 4a2d2S2
.

Hence each summand in vec(∆Θ)TFΘ(X,Y|Θ∗, β̂)vec(∆Θ)−vec(∆Θ)TE{FΘ(X,Y|Θ∗, β̂)}vec(∆Θ)
is in the range of [−16a2(dH2 + d2S2

), 16a2(dH2 + d2S2
)], and in turn is sub-Gaussian with parameter

σdF by Lemma A.1. Lemma A.1 further leads to

Pr
{
|vec(∆Θ)TFΘ(X,Y|Θ∗, β̂)vec(∆Θ)− vec(∆Θ)TE{FΘ(X,Y|Θ∗, β̂)}vec(∆Θ)| > t

}
= Pr

{
|mnvec(∆Θ)FΘ(X,Y|Θ∗, β̂)vec(∆Θ)−mnvec(∆Θ)TE{FΘ(X,Y|Θ∗, β̂)}vec(∆Θ)| > mnt

}
≤ 2 exp

{
− (mn)2t2

2mnσ2
dF

}
= 2 exp

(
−mnt2

2σ2
dF

)
(24)

for any t > 0. By (24), let t = σdF
√
2dlog(d)/(mn), we have

vec(∆Θ)TFΘ(X,Y|Θ∗, β̂)vec(∆Θ) ≥ vec(∆Θ)TE{FΘ(X,Y|Θ∗, β̂)}vec(∆Θ)− σdF
√

2dlog(d)/(mn) (25)

with probability at least 1− 2 exp{−dlog(d)}.
Now we discuss two cases. Case I:

vec(∆Θ)TE{FΘ(X,Y|Θ∗, β̂)}vec(∆Θ) ≤ σdF
√

2dlog(d)/(mn)

This leads to

αmin(E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}
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−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2])∥∆Θ∥2F ≤ σdF
√
2dlog(d)/(mn),

hence

∥∆Θ∥F ≤ αmin(E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}
−RijE{S2(Yij ,Xij ,Θ

∗, β̂)vec(zij)|Yij}⊗2])−1/2{2σ2
dF dlog(d)/(mn)}1/4.

Case II:

vec(∆Θ)TE{FΘ(X,Y|Θ∗, β̂)}vec(∆Θ) > σdF
√
2dlog(d)/(mn).

Under (25), this leads to

vec(∆Θ)TFΘ(X,Y|Θ∗, β̂)vec(∆Θ) > 0. (26)

By Lemma 1 and (21) in Negahban and Wainwright (2012), when λΘ ≥ 2∥∂L(Θ0, β̂)/∂β∥op, note
that Θ0 has rank r, which satisfies r ≤ 2r, we get

∥∆Θ∥∗ ≤ 8
√
r∥∆Θ∥F .

This proves the result.

F. Proof of Theorem 2

Proof: Let ∆Θ = Θ̂−Θ0, we consider the situation where

vec(∆Θ)TE{FΘ(X,Y|Θ∗, β̂)}vec(∆Θ) > σdF
√

2dlog(d)/(mn).

First we consider Case I: ∆Θ ̸∈ CΘ(ν). Then, with probability at least 1− 2 exp{−dlog(d)},

∥∆Θ∥2F ≤ ∥∆Θ∥max∥∆Θ∥∗ν
√

dlog(d)

mn
≤ 16a

√
r∥∆Θ∥F ν

√
dlog(d)

mn
,

which implies ∥∆Θ∥F ≤ 16a
√
rν
√

dlog(d)/(mn).

Case II: ∆Θ ∈ CΘ(ν). Because Θ̂, β̂ is the minimizer of L(Θ,β) + λΘ∥Θ∥∗ + λβ∥β∥1, we have

L(Θ̂, β̂)− L(Θ0, β̂) = ⟨∂L(Θ0, β̂)

∂Θ
,∆Θ⟩+ 1

2
vec(Θ̂−Θ0)

T ∂L(Θ∗, β̂)

∂vec(Θ)∂vec(Θ)T
vec(Θ̂−Θ0)

and

Fβ(∆Θ,∆Θ,X,Y|Θ∗, β̂)/2 = vec(Θ̂−Θ0)
T ∂2L(Θ∗, β̂)

∂vec(Θ)∂vec(Θ)T
vec(Θ̂−Θ0)/2

= L(Θ̂, β̂)− L(Θ0, β̂)− ⟨∂L(Θ0, β̂)

∂Θ
,∆Θ⟩

≤ ⟨−∂L(Θ0, β̂)

∂Θ
,∆Θ⟩+ λΘ∥Θ0∥∗ − λΘ∥Θ̂∥∗

≤ ∥∂L(Θ0, β̂)

∂Θ
∥op∥∆Θ∥∗ + λΘ∥Θ0∥∗ − λΘ∥Θ̂∥∗

≤ λΘ/2∥∆Θ∥∗ + λΘ∥Θ0 − Θ̂∥∗
≤ 12λΘ

√
r∥∆Θ∥F (27)
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with probability at least 1− 2 exp{−dlog(d)} − d−1. The first inequality holds by the second order

mean value theorem for L(Θ̂,β) on Θ. The second inequlity is a known property concerning norms
and trace. The third inequality holds by the selection that

λΘ ≥ 2cd
√
dlog(d)/(mn) + 2(2dH2

+ 2d2S2
)max

(
[10σ1F /(α0β

√
mn) + {3λβ

√
s/α0β}2]1/2

+3λβ

√
s/α0β, 8a

√
sγ
√

log{max(p,mn)}/(mn), (4α0β)
−1/2{2σ2

1F log{max(p,mn)}/(mn)}1/4
)
,

in the theorem statement which is greater than 2∥∂L(Θ0, β̂)/∂Θ∥op with probability at least 1−d−1.
The last line holds by Lemma A.20.

Further, by Lemma A.19 we have

vec(∆Θ)TFΘ(X,Y|Θ∗, β̂)vec(∆Θ)/2

≥ αmin(E[RijE{S2
2(Yij ,Xij |Θ∗, β̂)vec(zij)vec(zij)

T|Yij}
−RijE{S2(Yij ,Xij |Θ∗, β̂)vec(zij)|Yij}⊗2])/4∥∆Θ∥2F − 137(dH2

+ d2S2
)a2/

√
mn

= α0Θ∥∆Θ∥2F − 137(dH2
+ d2S2

)a2/
√
mn

with probability at least 1− exp{−Cdlog(d)}. Combine with (27), we have that with probability at
least 1− exp{−Cdlog(d)} − 2 exp{−dlog(d)},

α0Θ∥∆Θ∥2F ≤ 12λΘ

√
r∥∆Θ∥F + 137(dH2

+ d2S2
)a2/(

√
mn).

Then

{∥∆Θ∥F − 6λΘ

√
r/α0Θ}2 ≤ [137(dH2 + d2S2

)a2/(α0Θ

√
mn) + 36λ2

Θr/α2
0Θ]

Hence

∥∆Θ∥F ≤ [137(dH2
+ d2S2

)a2/(α0Θ

√
mn) + 36λ2

Θr/α2
0Θ]1/2 + 6λΘ

√
r/α0Θ.

Combine with the order in Case I and Lemma A.20, we have

∥∆Θ∥F
≤ max

(
[137(dH2 + d2S2

)a2/(α0Θ

√
mn) + 36λ2

Θr/α2
0Θ]1/2 + 6λΘ

√
r/α0Θ, 16a

√
rν
√
dlog(d)/mn,

(4α0Θ)−1/2{2σ2
dF dlog(d)/(mn)}1/4

)
,

with probability at least 1− exp{−Cdlog(d)} − 2 exp{−dlog(d)} − d−1. This proves the result.

G. Lemmas for Theorem 3

Lemma A.21 Assume Conditions (C5) and (C6) hold. Then for unit vectors v ∈ Rp,u ∈ Rmn
and w ∈ Rmn+p such that ∥v∥2 = 1, ∥u∥2 = 1 and ∥w∥2 = 1, we have

Fβ(v,v,X,Y|Θ,β) ≥ E{Fβ(v,v,X,Y|Θ,β)} − 4c0

√
(dH2

+ d2S2
)log{max(p,mn)}/(mn), (28)

with probability at least 1− 2max(p,mn)−1,

uTFΘ(X,Y|Θ,β)u ≥ uTE{FΘ(X,Y|Θ,β)}u− 4
√

(dH2
+ d2S2

)log(mn)/(mn), (29)

with probability at least 1− 2(mn)−1, and

wT∂2L(Θ,β)/∂[{vec(Θ)T,βT}T]⊗2w
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≥ E
(
wT∂2L(Θ,β)/∂[{vec(Θ)T,βT}T]⊗2w

)
− 4(c0 + 1)

√
(dH2

+ d2S2
)log(mn+ p)/mn

with probability at least 1− 2(p+mn)−1.

Proof: First note that for unit vector v,v ∈ Rp, because ∥v∥∞ ≤ ∥v∥2 = 1, we have

|vTRijH2(Yij ,Xij |Θ,β)XijX
T
ijv|

≤ {∥v∥∞∥Xij∥1}2H2(Yij ,Xij |Θ,β) ≤ c20dH2 ,

Similarly

|vTRijE{H2(Yij ,Xij |Θ,β)XijX
T
ij |Yij}v| ≤ c20dH2

,

and

|vTRijE{S2
2(Yij ,Xij |Θ,β)XijX

T
ij |Yij}v| ≤ c20d

2
S2
,

and

|vTRijE{S2(Yij ,Xij |Θ,β)Xij |Yij}⊗2v| ≤ c20d
2
S2
.

Hence we have each summand in Fβ(v,v,X,Y|Θ,β) − E{Fβ(v,v,X,Y|Θ,β)} is in the range of
{−4c20(dH2 + d2S2

), 4c20(dH2 + d2S2
)}, and in turn is sub-Gaussian with parameter 8c20(dH2 + d2S2

) by
Lemma A.1. Here the expectation is taken over X and Y. Therefore, by Lemma A.1, for any given
v

Pr {|Fβ(v,v,X,Y|Θ,β)− E{Fβ(v,v,X,Y|Θ,β)}| > t}
= Pr {|mnF (v,v,X,Y|Θ,β)−mnE{Fβ(v,v,X,Y|Θ,β)}| > mnt}

≤ 2 exp

[
− (mn)2t2

2mn{8c20(dH2 + d2S2
)}

]
= 2 exp

{
− mnt2

16c20(dH2
+ d2S2

)

}
.

Now choose t =
√

16c20(dH2 + d2S2
)log{max(p,mn)}/(mn), we obtain that for any given unit vector

v,

Pr

{
|Fβ(v,v,X,Y|Θ,β)− E{Fβ(v,v,X,Y|Θ,β)}|

>
√

16c20(dH2
+ d2S2

)log{max(p,mn)}/(mn)

}
≤ 2max(p,mn)−1. (30)

Therefore,

|Fβ(v,v,X,Y|Θ,β)− E{Fβ(v,v,X,Y|Θ,β)}| ≤ 4
√
c20(dH2 + d2S2

)log{max(p,mn)}/(mn),

with probability at least 1− 2max(p,mn)−1. This proves (28).
Furthermore, for unit vector u ∈ Rmn, we have

|uTRijH2(Yij ,Xij |Θ,β)vec(zij)vec(zij)
Tu|

≤ {∥u∥∞∥vec(zij)∥1}2|H2(Yij ,Xij |Θ,β)| ≤ dH2 .
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Similarly,

|uTRijE{H2(Yij ,Xij |Θ,β)vec(zij)vec(zij)
T|Yij}u| ≤ dH2

,

|uTRijE{S2
2(Yij ,Xij |Θ,β)vec(zij)vec(zij)

T|Yij}u| ≤ d2S2
,

|uTRijE{S2(Yij ,Xij |Θ,β)vec(zij)|Yij}⊗2u| ≤ d2S2
.

Hence each summand in uTFΘ(X,Y|Θ,β)u−uTE{FΘ(X,Y|Θ,β)}u is in the range of [−4(dH2 +
d2S2

), 4(dH2 +d2S2
)], and in turn is sub-Gaussian with parameter 8(dH2 +d2S2

) by Lemma A.1. Lemma
A.1 further leads to

Pr
{
|uTFΘ(X,Y|Θ,β)u− uTE{FΘ(X,Y|Θ,β)}u| > t

}
= Pr

{
|mnuTFΘ(X,Y|Θ, tβ)u−mnE{uTFΘ(X,Y|Θ,β)}u| > mnt

}
≤ 2 exp

[
− (mn)2t2

2mn{8(dH2 + d2S2
)}

]
= 2 exp

{
− mnt2

16(dH2
+ d2S2

)

}

for any t > 0. Let t =
√
16(dH2

+ d2S2
)log(mn)/(mn), we have

uTFΘ(X,Y|Θ,β)u ≥ uTE{FΘ(X,Y|Θ,β)}u− 4
√
(dH2

+ d2S2
)log(mn)/(mn) (31)

with probability at least 1− 2(mn)−1.
Moreover, using the same arguments as those lead to (30), (31), and the fact that ∥zij∥1 = 1,

we have for unit vector w ∈ Rmn+p,

wT∂2L(Θ,β)/∂[{vec(Θ)T,βT}T]⊗2w

≥ E
(
wT∂2L(Θ,β)/∂[{vec(Θ)T,βT}T]⊗2w

)
− 4
√

(c0 + 1)2(dH2
+ d2S2

)log(mn+ p)/mn,

with probability at least 1− 2(p+mn)−1.

Lemma A.22 Assume

βTE{Fβ(X,Y|Θ̃, β̃)}β > 4c0

√
(dH2 + d2S2

)log{max(p,mn)}/(mn)∥β∥22,

for all β that satisfies ∥β∥∞ ≤ 2a and β̃, Θ̃ that satisfy ∥β̃∥∞ ≤ a and ∥Θ̃∥max ≤ a. Recall that
σβ = C1(2dH2

+ 2d2S2
)c20 for C1 > 1, Qt−1 = F (Θt−1,βt−1)/λβ and

gβ(Θ
t−1,βt−1, Qt−1) = ⟨∂L(Θt−1,βt−1)/∂β,βt−1 − β̃

t−1
⟩+ λβ∥βt−1 − β̃

t−1
∥1,

where
β̃
t−1

≡ argminβ⟨∂L(Θ
t−1,βt−1)/∂β,β⟩+ λβ∥β∥1, ∥β∥1 ≤ Qt−1.

Select
0 < η < 1/σβ.

Then we have

F (Θt−1,βt) ≤ F (Θt−1,βt−1)− η

2

gβ(Θ
t−1,βt−1, Qt−1)2

(2Qt−1)2
,

with probability at least 1− 2max(p,mn)−1.
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Proof: Because

βTE{Fβ(X,Y|Θ̃, β̃)}β > 4c0

√
(dH2

+ d2S2
)log{max(p,mn)}/(mn)∥β∥22,

the second derivative of L(Θ,β) with respect to β is positive definite with probability at least
1− 2max(p,mn)−1 by Lemma A.21, and hence we majorize F (Θt−1,β) at βt−1 as

F (Θt−1,β) ≤ F (Θt−1,βt−1) + ⟨β − βt−1, ∂L(Θt−1,βt−1)/∂β⟩

+
σβ

2
∥β − βt−1∥22 + λβ(∥β∥1 − ∥βt−1∥1)

≤ F (Θt−1,βt−1) + ⟨β − βt−1, ∂L(Θt−1,βt−1)/∂β⟩

+
1

2η
∥β − βt−1∥22 + λβ(∥β∥1 − ∥βt−1∥1) (32)

for any β, where we have used σβ ≤ 1/η.

Furthermore, for any given b ≥ 0, let βt = bβ̃
t−1

+ (1− b)βt−1, where recall that

β̃
t−1

≡ argminβ⟨∂L(Θ
t−1,βt−1)/∂β,β⟩+ λβ∥β∥1, ∥β∥1 ≤ Qt−1 (33)

with Qt−1 = F (Θt−1,βt−1)/λβ, it holds that

F (Θt−1,βt) ≤ F (Θt−1,βt−1) + b⟨∂L(Θt−1,βt−1)/∂β, β̃
t−1

− βt−1⟩+ b2

2η
∥β̃

t−1
− βt−1∥22

+λβ(∥bβ̃
t−1

+ (1− b)βt−1∥1 − ∥βt−1∥1)

≤ F (Θt−1,βt−1) + b⟨∂L(Θt−1,βt−1)/∂β, β̃
t−1

− βt−1⟩+ b2

2η
∥β̃

t−1
− βt−1∥22

+bλβ(∥β̃
t−1

− βt−1∥1). (34)

To minimize the right hand side, we set

b ≡ η{−⟨∂L(Θt−1,βt−1)/∂β, β̃
t−1

− βt−1⟩ − λβ(∥β̃
t−1

− βt−1∥1)}

∥β̃
t−1

− βt−1∥22

=
ηgβ(Θ

t−1,βt−1, Qt−1)

∥β̃
t−1

− βt−1∥22
.

Note that gβ(Θ
t−1,βt−1, Qt−1) ≥ 0 due to its definition and the definition of β̃

t−1
, hence b ≥ 0.

Note that F (Θt−1,βt−1) = L(Θt−1,βt−1)− L+ λΘ∥Θt−1∥∗ + λβ∥βt−1∥1 ≥ λβ∥βt−1∥1, hence
∥βt−1∥1 ≤ Qt−1. Since β̃

t−1
is the minimizer of (33), we get

gβ(Θ
t−1,βt−1, Qt−1)

= ⟨∂L(Θt−1,βt−1)/∂β,βt−1 − β̃
t−1

⟩+ λβ∥βt−1 − β̃
t−1

∥1

= ⟨∂L(Θt−1,βt−1)/∂β,βt−1 − β̃
t−1

⟩+ λβ∥βt−1∥1 − λβ∥β̃
t−1

∥1 ≥ 0.

Plug b in (34), we have

F (Θt−1,βt)− F (Θt−1,βt−1) ≤ −η

2

gβ(Θ
t−1,βt−1, Qt−1)2

∥β̃
t−1

− βt−1∥22
≤ −η

2

gβ(Θ
t−1,βt−1, Qt−1)2

(2Qt−1)2
. (35)

The last equality hods because ∥βt−1∥1 ≤ Qt−1 and ∥β̃
t−1

∥1 ≤ Qt−1, and hence ∥β̃
t−1

− βt−1∥22 ≤
(2Qt−1)2. This proves the result.
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Lemma A.23 Assume

vec(Θ)TE{FΘ(X,Y|Θ̃, β̃)}vec(Θ) > 4
√

(dH2
+ d2S2

)log(mn)/(mn)∥Θ∥2F

for all Θ that satisfies ∥Θ∥max ≤ 2a and β̃, Θ̃ that satisfy ∥β̃∥∞ ≤ a and ∥Θ̃∥max ≤ a. Recall that
σΘ = 2dH2

+ 2d2S2
, Rt−1 = F (Θt−1,βt)/λΘ, and

gΘ(Θt−1,βt, Rt−1) = ⟨L(Θt−1,βt)/∂Θ,Θt−1 − Θ̃
t−1

⟩+ λΘ∥Θt−1 − Θ̃
t−1

∥∗.

where

Θ̃
t−1

≡ argminΘ⟨∂L(Θt−1,βt)/∂Θ,Θ⟩+ λΘ∥Θ∥∗, ∥Θ∥∗ ≤ Rt−1.

Select 0 < η1 < 1/σΘ. Then we have

F (Θt,βt) ≤ F (Θt−1,βt)− η1
2

gΘ(Θt−1,βt, Rt−1)2

(2Rt−1)2
,

with probability at least 1− 2(mn)−1.

Proof: Because

E{vec(Θ)TFΘ(X,Y|Θ̃, β̃)}vec(Θ) > 4
√
(dH2

+ d2S2
)log(mn)/(mn)∥Θ∥2F ,

then the second derivative of L(Θ,β) with respect to vec(Θ) is positive definite with probability at
least 1− 2(mn)−1 by Lemma A.21, and hence we majorize F (Θ,βt) at Θt−1 as

F (Θ,βt) ≤ F (Θt−1,βt) + ⟨Θ−Θt−1, ∂L(Θt−1,βt)/∂Θ⟩

+
σΘ

2
∥Θ−Θt−1∥2F + λΘ(∥Θ∥∗ − ∥Θt−1∥∗)

≤ F (Θt−1,βt) + ⟨Θ−Θt−1, ∂L(Θt−1,βt)/∂Θ⟩

+
1

2η1
∥Θ−Θt−1∥2F + λΘ(∥Θ∥∗ − ∥Θt−1∥∗)

for any Θ.

Furthermore, for any given b ≥ 0, let Θt = bΘ̃
t−1

+ (1− b)Θt−1, where recall that

Θ̃
t−1

≡ argminΘ⟨∂L(Θt−1,βt)/∂Θ,Θ⟩+ λΘ∥Θ∥∗, ∥Θ∥∗ ≤ Rt−1 (36)

with Rt−1 = F (Θt−1,βt)/λΘ, it holds that

F (Θt,βt) ≤ F (Θt−1,βt) + b⟨∂L(Θt−1,βt)/∂Θ, Θ̃
t−1

−Θt−1⟩+ b2

2η1
∥Θ̃

t−1
−Θt−1∥2F

+λΘ(∥bΘ̃
t−1

+ (1− b)Θt−1∥∗ − ∥Θt−1∥∗)

≤ F (Θt−1,βt) + b⟨∂L(Θt−1,βt)/∂Θ, Θ̃
t−1

−Θt−1⟩+ b2

2η1
∥Θ̃

t−1
−Θt−1∥2F

+bλΘ(∥Θ̃
t−1

−Θt−1∥∗). (37)

To minimize the right hand side, we set

b ≡ η1{−⟨∂L(Θt−1,βt)/∂Θ, Θ̃
t−1

−Θt−1⟩ − λΘ(∥Θ̃
t−1

−Θt−1∥∗)}

∥Θ̃
t−1

−Θt−1∥2F
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=
η1gΘ(Θt−1,βt, Rt−1)

∥Θ̃
t−1

−Θt−1∥2F
.

Note that gΘ(Θt−1,βt, Qt−1) ≥ 0 due to its definition and the definition of Θ̃
t−1

, hence b ≥ 0. Note
that F (Θt−1,βt) = L(Θt−1,βt)−L+λΘ∥Θt−1∥∗+λβ∥βt∥1 ≥ λΘ∥Θt−1∥∗, hence ∥Θt−1∥∗ ≤ Rt−1.

Since Θ̃
t−1

is the minimizer of (36), we get

gΘ(Θt−1,βt, Rt−1)

≡ ⟨∂L(Θt−1,βt)/∂Θ,Θt−1 − Θ̃
t−1

⟩+ λΘ∥Θt−1 − Θ̃
t−1

∥∗
≥ ⟨∂L(Θt−1,βt)/∂Θ,Θt−1 − Θ̃

t−1
⟩+ λΘ∥Θt−1∥∗ − λΘ∥Θ̃

t−1
∥∗ ≥ 0.

Plug b in (37), we have

F (Θt,βt)− F (Θt−1,βt) ≤ −η1
2

gΘ(Θt−1,βt, Rt−1)2

∥Θ̃
t−1

−Θt−1∥2F
≤ −η1

2

gΘ(Θt−1,βt, Rt−1)2

(2Rt−1)2
. (38)

The last equality hods because ∥Θt−1∥1 ≤ Rt−1 and ∥Θ̃
t−1

∥1 ≤ Rt−1, and hence ∥Θ̃
t−1

−Θt−1∥22 ≤
(2Rt−1)2. This proves the result.

H. Proof of Theorem 3

Proof: Let

β̃
t
= argmin⟨∂L(Θt−1,βt)/∂β,β⟩+ λβ∥β∥1, ∥β∥1 ≤ Qt,

and recall that

Θ̃
t−1

≡ argminΘ⟨∂L(Θt−1,βt)/∂Θ,Θ⟩+ λΘ∥Θ∥∗, ∥Θ∥∗ ≤ Rt−1

as defined in (36). Because

E{{βT, vec(Θ)T}∂2L(Θ,β)/∂[{vec(Θ)T,βT}T]⊗2{βT, vec(Θ)T}T}

≥ 4(c0 + 1)
√
(dH2

+ d2S2
)log{max(p,mn)}/(mn)∥{βT, vec(Θ)T}T∥22,

we have

F (Θ̂, β̂)− F (Θt−1,βt)

≥ ⟨∂L(Θt−1,βt)/∂Θ, Θ̂−Θt−1⟩+ λΘ(∥Θ̂∥∗ − ∥Θt−1∥∗)
+⟨∂L(Θt−1,βt)/∂β, β̂ − βt⟩+ λβ(∥β̂∥1 − ∥βt∥1),

with probability at least 1− 2(mn+ p)−1 by Lemma A.21. Hence

F (Θt−1,βt)− F (Θ̂, β̂) ≤ ⟨∂L(Θt−1,βt)/∂Θ,Θt−1 − Θ̂⟩+ λΘ(∥Θt−1∥∗ − ∥Θ̂∥∗)
+⟨∂L(Θt−1,βt)/∂β,βt − β̂⟩+ λβ(∥βt∥1 − ∥β̂∥1)

≤ ⟨∂L(Θt−1,βt)/∂Θ,Θt−1 − Θ̃
t−1

⟩+ λΘ(∥Θt−1∥∗ − ∥Θ̃
t−1

∥∗)

+⟨∂L(Θt−1,βt)/∂β,βt − β̃
t
⟩+ λβ(∥βt∥1 − ∥β̃

t
∥1)

≤ ⟨∂L(Θt−1,βt)/∂Θ,Θt−1 − Θ̃
t−1

⟩+ λΘ(∥Θt−1 − Θ̃
t−1

∥∗)
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+⟨∂L(Θt−1,βt)/∂β,βt − β̃
t
⟩+ λβ(∥βt − β̃

t
∥1)

= gΘ(Θt−1,βt, Rt−1) + gβ(Θ
t−1,βt, Qt), (39)

where recall that gβ(Θ
t−1,βt, Qt) = ⟨∂L(Θt−1,βt)/∂β,βt−β̃

t
⟩+λβ(∥βt−β̃

t
∥1) and gΘ(Θt−1,βt, Rt−1) =

⟨L(Θt−1,βt)/∂Θ,Θt−1−Θ̃
t−1

⟩+λΘ∥Θt−1−Θ̃
t−1

∥∗. The second inequality holds because F (Θ,β)

is minimized at Θ̂ and β̂, and hence ∥β̂∥1 ≤ F (Θ̂, β̂)/λβ ≤ F (Θt,βt)/λβ = Qt and ∥Θ̂∥∗ ≤
F (Θ̂, β̂)/λΘ ≤ F (Θt−1,βt)/λβ ≤ Rt−1. Furthermore,

gβ(Θ
t−1,βt, Qt) = ⟨∂L(Θt−1,βt)/∂β,βt − β̃

t
⟩+ λβ(∥βt − β̃

t
∥1)

= ⟨∂L(Θt,βt)/∂β,βt − β̃
t
⟩+ ⟨∂L(Θt−1,βt)/∂β − ∂L(Θt,βt)/∂β,βt − β̃

t
⟩

+λβ(∥βt − β̃
t
∥1)

≤ ⟨∂L(Θt,βt)/∂β,βt − β̃
t
⟩+ λβ∥βt − β̃

t
∥1

+∥∂L(Θt−1,βt)/∂β − ∂L(Θt,βt)/∂β∥2∥βt − β̃
t
∥2

≤ gβ(Θ
t,βt, Qt) + 2σβΘQt∥Θt−1 −Θt∥F . (40)

The last inequality holds by Remark 1 and ∥βt − β∥2 ≤ ∥βt − β∥1 ≤ 2Qt. Furthermore, because

Θt is the minimizer of 1
2∥Θ−Θt−1 + η1

∂L(Θt−1,βt)
∂Θ ∥2F + η1λΘ∥Θ∥∗, we have

Θt −Θt−1 + η1
∂L(Θt−1,βt)

∂Θ
+ η1λΘ∂∥Θt∥∗/∂Θ = 0.

Therefore,

F (Θt−1,βt)− F (Θt,βt)

= ⟨∂L(Θt,βt)/∂Θ+ λΘ∂∥Θt∥∗/∂Θ,Θt−1 −Θt⟩

+{vec(Θt−1)− vec(Θt)}T ∂2L(Θ∗,βt)

2∂vec(Θ)vec(Θ)T
{vec(Θt−1)− vec(Θt)}

= ⟨∂L(Θt−1,βt)/∂Θ+ λΘ∂∥Θt∥∗/∂Θ,Θt−1 −Θt⟩
+⟨∂L(Θt,βt)/∂Θ− ∂L(Θt−1,βt)/∂Θ,Θt−1 −Θt⟩

+{vec(Θt−1)− vec(Θt)}T ∂2L(Θ∗,βt)

2∂vec(Θ)vec(Θ)T
{vec(Θt−1)− vec(Θt)}

= ⟨∂L(Θt−1,βt)/∂Θ+ λΘ∂∥Θt∥∗/∂Θ,Θt−1 −Θt⟩

−{vec(Θt−1)− vec(Θt)}T ∂2L(Θ∗∗,βt)

∂vec(Θ)vec(Θ)T
{vec(Θt−1)− vec(Θt)}

+{vec(Θt−1)− vec(Θt)}T ∂2L(Θ∗,βt)

2∂vec(Θ)vec(Θ)T
{vec(Θt−1)− vec(Θt)}

≥ ⟨∂L(Θt−1,βt)/∂Θ+ λΘ∂∥Θt∥∗/∂Θ,Θt−1 −Θt⟩

−{vec(Θt−1)− vec(Θt)}T ∂2L(Θ∗∗,βt)

∂vec(Θ)vec(Θ)T
{vec(Θt−1)− vec(Θt)}

= 1/η1∥Θt−1 −Θt∥2F − {vec(Θt−1)− vec(Θt)}T ∂2L(Θ∗∗,βt)

∂vec(Θ)∂vec(Θ)T
{vec(Θt−1)− vec(Θt)}

≥ (1/η1 − σΘ)∥Θt−1 −Θt∥2F , (41)

where Θ∗ and Θ∗∗ are points on the line between Θt−1 and Θt. Hence

∥Θt−1 −Θt∥2F ≤ {F (Θt−1,βt)− F (Θt,βt)}/(1/η1 − σΘ).
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The last inequality holds by the fact that ∥∂2L(Θ∗∗,βt)/∂vec(Θ)∂vec(Θ)T∥2 ≤ σΘ as shown in
Remark 1. Combining (40), (41), Lemmas A.22 and A.23, we obtain that with probability at least
1− 2max(p,mn)−1 − 2(mn)−1,

{gΘ(Θt−1,βt, Rt−1) + gβ(Θ
t−1,βt, Qt)}2

≤ 4{gΘ(Θt−1,βt, Rt−1)2 + gβ(Θ
t,βt, Qt)2 + 4σ2

βΘ(Qt)2∥Θt−1 −Θt∥2F }
≤ 4[2(2Rt−1)2/η1{F (Θt−1,βt)− F (Θt,βt)}

+2(2Qt)2/η{F (Θt,βt)− F (Θt,βt+1)}
+4σ2

βΘ(Qt)2{F (Θt−1,βt)− F (Θt,βt)}/(1/η1 − σΘ)]

≤ C(t){F (Θt−1,βt)− F (Θt,βt)}+ C(t){F (Θt,βt)− F (Θt,βt+1)}
= C(t){F (Θt−1,βt)− F (Θt,βt+1)},

where C(t) = max{32(Rt−1)2/η1 + 16σ2
βΘ(Qt)2/(1/η1 − σΘ), 32(Qt)2/η}. Combining with (39), we

have

{F (Θt−1,βt)− F (Θ̂, β̂)}2 ≤ C(t){F (Θt−1,βt)− F (Θ̂, β̂)− F (Θt,βt+1) + F (Θ̂, β̂)}

with probability at least 1 − 2max(p,mn)−1 − 2(mn)−1 − 2(mn + p)−1. Let ∆t = F (Θt−1,βt) −
F (Θ̂, β̂), the above inequality can be written as

∆t+1 ≤ ∆t −
1

C(t)
(∆t)

2 = ∆t

{
1− ∆t

C(t)

}
≤ ∆t

{
1 +

∆t

C(t)

}−1

.

Taking inverse, we get ∆−1
t+1 ≥ ∆−1

t + C(t)−1, hence ∆−1
t+1 ≥ ∆−1

0 +
∑t
k=0 C(t)−1, which leads to

∆t+1 ≤ 1

1/{F (Θ0,β0)− F (Θ̂, β̂)}+
∑t
k=0 1/C(k)

.

Hence when
T−1∑
t=0

1/C(t) ≥

{
1

ϵ
− 1

F (Θ0,β0)− F (Θ̂, β̂)

}
,

we have

F (ΘT,βT)− F (Θ̂, β̂) ≤ ϵ,

with probability at least 1− 2max(p,mn)−1 − 2(mn)−1 − 2(mn+ p)−1 ≥ 1− 6(mn+ p)−1. Hence
F (ΘT,βT) is the ϵ-optimal solution for (1) with probability at least 1− 6(mn+ p)−1. This proves
the result.

I. Proof of the Consistency of Pseudo-likelihood Estimator in Regression
with Finite Dimensional Parameter

Theorem A.1 Assume Condition (C1)–(C6) hold and β is finite dimensional. Furthermore, as-

sume the conditional density of Yi given Xi is f(Yi,β
T
0 Xi). Let β̂ be the maximizer for the pseudo-

likelihood

L(β) ≡ n−1
n∑
i=1

Li(β),

where Li(β) = Riℓi(β),

ℓi(β) =

[
log{f(Yi,βTXi)} − log

{∫
f(Yi,β

TX)g(X)dX

}]
,
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Ri is the missing indicator for the ith observation. Assume Xi and Ri are independent given Yi.

We have β̂
p→ β0.

Proof: Everywhere in this proof, E denotes an expectation taken with respect to the original true
distribution that governs the data generation process f(Y,βT

0 X)g(X), for example, for any func-
tion a(X, Y ), E{a(X, Y )} =

∫
a(x, y)f(y,βT

0 x)g(x)dµ(x, y). Let f2(Yi,β
TXi) be the derivative of

f(Yi,β
TXi) with respect to βTXi, S2(Yi,Xi,β) be the derivative of logf(Yi,β

TXi) with respect to
βTXi, define

S(Yi,Xi,β) ≡ ∂L(β)
∂β

= n−1
n∑
i=1

Ri

{
f2(Yi,β

TXi)

f(Yi,β
TXi)

Xi −
∫
f2(Yi,β

TX)g(X)XdX∫
f(Yi,β

TX)g(X)dX

}

= n−1
n∑
i=1

RiS2(Yi,Xi,β)Xi −RiEβ{S2(Yi,X,β)X|Yi}.

Here, the notation Eβ means an expectation is taken with respect to the distribution f(Y,βTX)g(X).
It is clear that

∂E{L(β)}
∂β

∣∣∣
β=β0

= E

{
∂L(β)
∂β

∣∣∣
β=β0

}
= E{S(Yi,Xi,β0)} = 0. (42)

Also,

∂2L(β)
∂β∂βT

= n−1
n∑
i=1

Ri

(
H(Yi,Xi,β)− Eβ{H(Yi,Xi,β)|Yi}

−Eβ

{
S(Yi,Xi,β)

⊗2|Yi
}
+ [Eβ{S(Yi,Xi,β)|Yi}]⊗2

)
, (43)

where H(Yi,Xi,β) is the second partial derivative of log{f(Yi,βTXi)} with respect to β. Now using
the independence between Xi and Ri given Yi, we have

E

{
∂2L(β)
∂β∂βT

|β=β0

}
= E

(
E [RiH(Yi,Xi,β)|Yi]− E(Ri|Yi)Eβ0

{H(Yi,Xi,β0)|Yi}
)

−E
{
E(Ri|Yi)

(
E
{
S(Yi,Xi,β0)

⊗2|Yi
}
− [E{S(Yi,Xi,β0)|Yi}]

⊗2
)}

= −E
{
E(Ri|Yi)

(
E
{
S(Yi,Xi,β0)

⊗2|Yi
}
− [E{S(Yi,Xi,β0)|Yi}]

⊗2
)}

= −E [E(Ri|Yi)var {S(Yi,Xi,β0)|Yi}] , (44)

which is negative definite. Note that Eβ0
= E according to our definition of the two notations. Now

by Taylor expansion, let r be a vector with ∥r∥2 = 1, assume r times the third derivative of L(β)
with respect to β has bounded L2 norm, for any ϵ ∈ (0, 1/2), we have

L(β0 + rn−1/2+ϵ)

= L(β0) +
∂L(β)
∂β

|β=β0
rn−1/2+ϵ +

1

2
rT

∂2L(β)
∂β∂βT

|β=β0
rn−1+2ϵ +Op(n

−3/2+3ϵ)

= L(β0) +

[
E

{
∂L(β)
∂β

|β=β0

}
+Op(n

−1/2)

]
rn−1/2+ϵ

+
1

2
rT
[
E

{
∂2L(β)
∂β∂βT

|β=β0

}
+ op(1)

]
rn−1+2ϵ +Op(n

−3/2+3ϵ)
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= L(β0) +
1

2
rTE

{
∂2L(β)
∂β∂βT

|β=β0

}
rn−1+2ϵ + op(n

−1+2ϵ), (45)

where the second equality holds by the central limit theorem, the third equality holds by (42). Now

by (44), E
{
∂2L(β)/∂β∂βT|β=β0

}
is negative definite. Hence, L(β0) > L(β0+r/

√
n) in probability

when n is sufficiently large for any r with ∥r∥2 = 1. Therefore, there is a maximizer for L(β) in the

ball with center β0 and radius n−/2+ϵ. Let the maximizer be β̂. Obviously ∥β̂ − β0∥ ≤ n−/2+ϵ in

probability, hence β̂
p→ β0.
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